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1. Introduction 

In this paper we give a geometric version of the Satake isomorphism |Satj . As such, 
it can be viewed as a first step in the geometric Langlands program. The connected 
complex reductive groups have a combinatorial classification by their root data. In 
the root datum the roots and the coroots appear in a symmetric manner and so the 
connected reductive algebraic groups come in pairs. If G is a reductive group, we write 
G for its companion and call it the dual group G. The notion of the dual group itself 
does not appear in Satake's paper, but was introduced by Langlands, together with its 
various elaborations, in |L1I 'L2' and is a corner stone of the Langlands program. It also 
appeared later in physics |M0, G NOj . In this paper we discuss the basic relationship 
between G and G. 

We begin with a reductive G and consider the affine Grassmannian Sr, the Grass- 
mannian for the loop group of G. For technical reason we work with formal algebraic 
loops. The affine Grassmannian is an infinite dimensional complex space. We consider a 
certain category of sheaves, the spherical perverse sheaves, on Sr. These sheaves can be 
multiplied using a convolution product and this leads to a rather explicit construction 
of a Hopf algebra, by what has come to be known as Tannakian formalism. The result- 
ing Hopf algebra turns out to be the ring of functions on G. In this interpretation, the 
spherical perverse sheaves on the affine Grassmannian correspond to finite dimensional 
complex representations of G. Thus, instead of defining G in terms of the classification 
of reductive groups, we provide a canonical construction of G, starting from G. We can 
carry out our construction over the integers. The spherical perverse sheaves are then 
those with integral coefficients, but the Grassmannian remains a complex algebraic 
object. The resulting G turns out to be the Chevalley scheme over the integers, i.e., 
the unique split reductive group scheme whose root datum coincides with that of the 
complex G. Thus, our result can also be viewed as providing an explicit construction 
of the Chevalley scheme. Once we have a construction over the integers, we have one 
for every commutative ring and in particular for all fields. This provides another way 
of viewing our result: it provides a geometric interpretation of representation theory 
of algebraic groups over arbitrary rings. The change of rings on the representation 
theoretic side corresponds to change of coefficients of perverse sheaves, familiar from 
the universal coefficient theorem in algebraic topology. Note that for us it is crucial 
that we first prove our result for the integers (or p-adic integers) and then deduce the 
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theorem for fields (of positive characteristic). We do not know how to argue the case 
of fields of positive characteristic directly. 

One of the key technical points of this paper is the construction of certain algebraic 
cycles that turn out to give a basis, even over the integers, of the cohomology of 
the standard sheaves on the affine Grassmannian. This result is new even over the 
complex numbers. These cycles are obtained by utilizing semi-infinite Schubert cells 
in the affine Grassmannian. The semi-infinite Schubert cells can then be viewed as 
providing a perverse cell decomposition of the affine Grassmannian analogous to a cell 
decomposition for ordinary homology where the dimensions of all the cells have the 
same parity. The idea of searching for such a cell decomposition came from trying to 
find the analogues of the basic sets of |GMj in our situation. 

The first work in the direction of geometrizing the Satake isomorphism is Lu where 
Lusztig introduces the key notions and proves the result in the characteristic zero case 
on a combinatorial level. Independently, Drinfeld had understood that geometrizing the 
Satake isomorphism is crucial for formulating the geometric Langlands correspondence. 
Following Drinfeld's suggestion, Ginzburg in |Gij . using ^Lu.. treated the characteristic 
zero case of the geometric Satake isomorphism. Our paper is self-contained in that it 
does not rely on |Luj or |Gij and provides some improvements and precision even in 
the characteristic zero case. However, we make crucial use of an idea of Drinfeld, going 
back to around 1990. He discovered an elegant way of obtaining the commutativity 
constraint by interpreting the convolution product of sheaves as a "fusion" product. 

We now give a more precise version of our result. Let G be a reductive algebraic 
group over the complex numbers. We write Gq for the group scheme G(C[[z]]) and 
Sr for the affine Grassmannian of G(C((2;)))/G(C[[2;]]); the affine Grassmannian is an 
ind-scheme, i.e., a direct limit of schemes. Let k be a Noetherian, commutative unital 
ring of finite global dimension. One can imagine k to be C, Z, or Fg, for example. 
Let us write PG'Q(Sr,k) for the category of Go-equivariant perverse sheaves with k- 
coefficients. Furthermore, let Rep^^ stand for the category of k-representations of Gf, 
here Gt denotes the canonical smooth split reductive group scheme over k whose root 
datum is dual to that of G. The goal of this paper is to prove the following: 

(1.1) the categories PG'Q(Sr,k) and Rep^j^ are equivalent as tensor categories. 

We do slightly more than this. We give a canonical construction of the group scheme Gt 
in terms of Pgq (Sr,k). In particular, we give a canonical construction of the Chevalley 
group scheme Gz in terms of the complex group G. This is one way to view our theorem. 
We can also view it as giving a geometric interpretation of representation theory of 
algebraic groups over commutative rings. Although our results yield an interpretation 
of representation theory over arbitrary commutative rings, note that on the geometric 
side we work over the complex numbers and use the classical topology. The advantage 
of the classical topology is that one can work with sheaves with coefficients in arbitrary 
commutative rings, in particular, we can use integer coefficients. Finally, our work can 
be viewed as providing the unramified local geometric Langlands correspondence. In 
this context it is crucial that one works on the geometric side also over fields other 
than C; this is easily done as the affine Grassmannian can be defined even over the 
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integers. The modifications needed to do so are explained in section ITU This can then 
be used to define the notion of a Hecke eigensheaf in the generahty of arbitrary systems 
of coefficients. 

We describe the contents of the paper briefly. Section |2l is devoted to the basic 
definitions involving the affine Grassmannian and the notion of perverse sheaves that 
we adopt. In sectionOlwe introduce our main tool, the weight functors. In this section 
we also give our crucial dimension estimates, use them to prove the exactness of the 
weight functors, and, finally, we decompose the global cohomology functor into a direct 
sum of the weight functors. The next section 0] is devoted to putting a tensor structure 
on the category PGjj(Sr,k); here, again, we make use of the dimension estimates of 
the previous section. In section [S] we give, using the Beilinson-Drinfeld Grassmannian, 
a commutativity constraint on the tensor structure. In sectional we show that global 
cohomology is a tensor functor and we also show that it is tensor functor in the weighted 
sense. Section |7| is devoted to the simpler case when k is a field of characteristic zero. 
The next section IS] treats standard sheaves and we show that their cohomology is 
given by specific algebraic cycles which provide a canonical basis for the cohomology. 
In the next section we prove that the weight functors introduced in section 13] are 
represent able. This, then, will provide us with a supply of projective objects. In section 
llUl we study the structure of these projectives and prove that they have filtrations whose 
associated graded consists of standard sheaves. In section ^2 we show that PGo(Si',k) 
is equivalent, as a tensor category, to Rep^^^ for some group scheme Gt. Then, in the 

next section El we identify Gt with Gt. A crucial ingredient in this section is the work 
of Prasad and Yu |PYj . We then briefly discuss in section El our results from the point 
of view of representation theory. In the final section El we briefly indicate how our 
arguments have to be modified to work in the etale topology. 

Most of the results in this paper appeared in the announcement |MiV2j . Since our 
announcement was published, the papers |Brj and ^Na^ have appeared. Certain tech- 
nical points that are necessary for us are treated in these papers. Instead of repeating 
the discussion here, we have chosen to refer to |Brj and |Naj instead. Finally, let us 
note that we have not managed to carry out the idea of proof proposed in |MiV2j for 
theorem inn (th eorem 6.2 in |MiV2p and thus the paper |MiV2j should be considered 
incomplete. In this paper, as was mentioned above, we will appeal to |PYj to prove 
theorem 112.11 

We thank the MPI in Bonn, where some of this research was carried out. We also 
want to thank A .Beilinson, V. Drinfeld, and D. Nadler for many helpful discussions 
and KV wants to thank G. Prasad and J. Yu for answering a question in the form of 
the paper |PYj . 



2. Perverse sheaves on the afRne Grassmannian 

We begin this section by recalling the construction and the basic properties of the 
affine Grassmannian 9r. For proofs of these facts we refer to §4.5 of |BDj . See also, 
|BLlj and |BL2j . Then we introduce the main object of study, the category (S^jk) 
of equivariant perverse sheaves on 9r- 
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Let G be a complex, connected, reductive algebraic group. We write for the formal 
power series ring C[[z]] and X for its fraction field C{{z)). Let G{X) and G{0) denote, 
as usual, the sets of the 3C-valued and the 0-valued points of G, respectively. The 
affine Grassmannian is defined as the quotient G(JC)/G{0). The sets G{%) and G{0), 
and the quotient G(JC)/G{0) have an algebraic structure over the complex numbers. 
The space G(0) has a structure of a group scheme, denoted by Gq, over C and the 
spaces G{X) and G{X)/G{(D) have structures of ind-schemes which we denote by Gx 
and Sr = S^G) respectively. For us an ind-scheme means a direct limit of family of 
schemes where all the maps are closed embeddings. The morphism tt : Gjc — *■ Sr is 
locally trivial in the Zariski topology, i.e., there exists a Zariski open subset C/ C Sr 
such that TT~^{U) = U x Gq and vr restricted to U x Gq is simply projection to the 
first factor. For details see for example (BLTI IlS] . We write Sr as a limit 

(2.1) Sr = limSr„, 

where the Srn are finite dimensional schemes which are Go-invariant. The group Go 
acts on the Sr^ via a finite dimensional quotient. 

In this paper we consider sheaves in the classical topology, with the exception of 
section where we use the etale topology. Therefore, it suffices for our purposes to 
consider the spaces Gq, G%, and Sr as reduced ind-schemes. We will do so for the rest 
of the paper. 

If G = T is torus of rank r then, as a reduced ind-scheme, Sr — X^{T) = Hom(C*, T), 
i.e., in this case the loop Grassmannian is discrete. Note that, because T is abelian, 
the loop Grassmannian is a group ind-scheme. Let G be a reductive group, write Z{G) 
for the center of G and let Z = Z(G)^ denote connected component of the center. Let 
us further set G = G/Z. Then, as is easy to see, the map Sr^ Sr^j is a trivial 
covering with covering group = Hom(C*,Z), i.e., Src — Sr^j x X^{Z), non- 

canonically. Note also that the connected components of Sr are exactly parameterized 
by the component group of G%, i.e., by Gx/{Gx)^ . This latter group is isomorphic to 
7ri(G), the topological fundamental group of G. 

The group scheme Gq acts on Sr with finite dimensional orbits. In order to describe 
the orbit structure, let us fix a maximal torus T C G. We write W for the Weyl group 
and X^(T) for the coweights Hom(C*,T). Then the Go-orbits on Sr are parameterized 
by the VF-orbits in X*(T), and given A € X^:{T) the Go-orbit associated to WX is 
Sr'*' = Go ■ Lx C Sr, where Lx denotes the image of the point A G X^,{T) CGjc in 
Sr. Note that the points Lx are precisely the T-fixed points in the Grassmannian. To 
describe the closure relation between the Go-orbits, we choose a Borel B D T and write 
N for the unipotent radical of B. We use the convention that the roots in B are the 
positive ones. Then, for dominant A and /x we have 

(2.2) Sr^ C Sr'^ if and only if X — fi is a sum of positive coroots . 

In a few arguments in this paper it will be important for us to consider a Kac-Moody 
group associated to the loop group Gx- Let us write A = A(G, T) for the root system 
of G with respect to T, and we write similarly A = A(G, T) for the coroots. Let F = C* 
denote the subgroup of automorphisms of % which acts by multiplying the parameter 
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z € IK by s G C* = r. The group T acts on Gq and Gx and hence we can form the 
semi-direct product Gx = G% xi F. Then T = T x F is a Cartan subgroup of Gx. An 
affine Kac-Moody group G^ is a central extension, by the multiphcative group, of Gx', 
note that the root systems are the same whether we consider Gx or Gx- Let us write 
S G X*{T) for the character which is trivial on T and identity on the factor F = C* 
and let 5 G X^{T)^he the cocharacter C* = F C T x F = T. We also view the roots A 
as characters on T, which are trivial on F. The T-eigenspaces in gx are given by 

(2.3) {Q%)k5+J=z^Qa, A; G Z, a G A U {0} , 

and thus the roots of Ga<: are given by A = {a + k6 e X*(T) | a G Au{0}, G Z}-{0}. 

Furthermore, the orbit G ■ L\ is isomorphic to the flag manifold G/P\, where P\, 
the stabilizer of L\ in G, is a parabolic with a Levi factor associated to the roots 
{a G A I A(q) = 0}. The orbit Si"** can be viewed as a G-equivariant vector bundle 
over G/P\. One way to see this is to observe that the varieties G ■ L\ are the fixed 
point sets of the Gm-action via the cocharacter 5. In this language, 

(2.4) Sr^ = {x G gr [ lim d{s)x e G ■ Lx} 

In particular, the orbits Sr'^ are simply connected. If we choose a Borel B containing 
T and if we choose the parameter A G X*(T) of the orbit Sr'^ to be dominant, then 
dim(Sr'*') = 2p{X), where p G X*{T), as usual, is half the sum of positive roots with 
respect to B. Let us consider the map evo : Gq — > G, evaluation at zero. We write 
/ = evo ~^{B) for the Iwahori subgroup and K = evo ^^(1) for the highest congruence 
subgroup. The /-orbits are parameterized by X^{T), and because the I-orbits are 
also evQ ~^(A^)-orbits, they are affine spaces. This way each Go-orbit acquires a cell 
decomposition as a union of /-orbits. The /C-orbit K ■ Lx is the fiber of the vector 
bundle Sr^ —>■ G/Px- Let us consider the subgroup ind-scheme Gq of Gx whose C- 
points consist of G{C[z~'^]). The Gg-orbits are also indexed by I^-orbits in X^{T) 
and the orbit attached to A G X^:{T) is Gq • Lx- The Gq -orbits are opposite to the 
Go-orbits in the following sense: 

(2.5) Gq • La = {x G Sr | lim 6{s)x £ G ■ Lx} . 
The above description implies that 

(2.6) (Gq • La) ngT^ = G-La 

The group Gq contains a negative level congruence subgroup which is the kernel 
of the evaluation map G{C[z~^]) — > G at infinity. Just as for Gq, the fiber of the 
projection Gq • La — > G/Pa is ■ Lx- 

We will recall briefly the notion of perverse sheaves that we will use in this paper 
|BBDj . Let X be a complex algebraic variety with a fixed (Whitney) stratification 
S. We also fix a commutative, unital ring k. For simplicity of exposition we assume 
that k is Noetherian of finite global dimension. This has the advantage of allowing us 
to work with finite complexes and finitely generated modules instead of having to use 
more complicated notions of finiteness. With suitable modifications, the results of this 
paper hold for arbitrary k. We denote by D${X, k) the bounded S-constructible derived 
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category of k-sheaves. This is the fuh subcategory of the derived category of k-sheaves 
on X whose objects 3" satisfy the following two conditions: 

i) H*^(X,:r) = for \k\ > 0, 

is a local system of finitely generated k-modules 

for all 5 G § . 

As usual we define the full subcategory P§(X, k) of perverse sheaves as follows. An 
9" € Dg(X, k) is perverse if the following two conditions are satisfied: 

i) H'=(i* J) = for > - dime S for any i: S ^ X ,S 

ii) B.^{ry) = for A; < dime S for any i : 5 X , 5 G S . 

As is explained in |BBDj . perverse sheaves P§(^, k) form an abelian category and there 
is a cohomological functor 

ftf :Ds(X,k) ^Ps(X,k). 

Given a stratum 5 G S and M a finitely generated k-module then Rj-^M and j\M 
belong in Ds(X,k). Following |RRD] we write ^j^M for m^{Ri^M) G Ps(X,k) and 
^j\M for PY^[j\M) G Ps(X, k). We use this type of notation systematically throughout 
the paper. If y C X is locally closed and is a union of strata in S then, by abuse of 
notation, we denote by P§(y, k) the category Pg-(y, k), where T = {5" G S | 5 C Y}. 

Let us now assume that we have an action of a connected algebraic group K on X^ 
given hy a : K 'X X ^ X. Fix a Whitney stratification S of X such that the action of 
K preserves the strata. Recall that an 9" G P§(X, k) is said to be ET-equivariant if there 
exists an isomorphism <j) : a*9" = p*'J such that x X = id. Here p : K x X ^ X 

is the projection to the second factor. If such an isomorphism (j) exists it is unique. We 
denote by Vk{X,W) the full subcategory of Ps(X, k) consisting of equivariant perverse 
sheaves. In a few instances we also make use of the equivariant derived category 
Di^(X,k), see |BL| . 

Let us now return to our situation. Denote the stratification induced by the Gq- 
orbits on the Grassmannian Sr by S. The closed embeddings 9i'n C 91"™) for n < m 
induce embeddings of categories FcgiS^n,^) Pgq (Sr™,, l^)- This allows us to define 
the category of Go-equivariant perverse sheaves on as 

PGo(Sr,k) =def limPGo(gr„,k). 

Similarly we define P§(Sr,k), the category of perverse sheaves on Sr which are con- 
structible with respect to the Go-orbits. In our setting we have 

2.1. Proposition. The categories F§{Sr,k) and Pc^g (9r, k) are naturally equivalent. 

We give a proof of this proposition in appendix El the proof makes use of results of 
section 01 

Let us write Aut(O) for the group of automorphisms of the formal disc Spec(O). The 
group scheme Aut(O) acts on Gjc, Gq, and Sr. This action and the action of Go on 
the affine Grassmannian extend to an action of the semidirect product Go x Aut(O) 
on Sr. In the appendix^ we also prove 
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2.2. Proposition. The ca^e^ones xiAut(O) (S?", k) and Pg^ (Sr, k) are naturally equiv- 
alent. 

2.3. Remark. // k is field of characteristic zero then vrovositions \2.1\ and \2.^ follow 
immediately from lemma \T7\ 

Finally, we fix some notation that will be used throughout the paper. Given a Gq- 
orbit SrA, A G X^T), and a k-module M we write J!(A,M), J*(A,M), and J!*(A,M) 
for the perverse sheaves ^j!(M[dim(Sr'^)]), j!*(M[dim(Sr'*')]), and '^j*(M[dim(Sr'^)]), re- 
spectively; here j : Sr^ — > Sr denotes the inclusion. 

3. Semi-infinite orbits and weight functors 

Here we show that the global cohomology is a fiber functor for our tensor category. 
For k = C this is proved by Ginzburg Gi_ and was treated earlier in |Luj , on the level of 
dimensions (the dimension of the intersection cohomology is the same as the dimension 
of the corresponding representation). 

Recall that we have fixed a maximal torus T, a Borel B D T and denoted by 
the unipotent radical of B. Furthermore, we write Nx for the group ind-subscheme of 
Gx whose C-points are N{X). The A'^3<;-orbits on Sr are parameterized by X*(T); to 
each G X^{T) = Hom(C*,T) we associate the A^^c-orbit = Nx ■ L,^. Note that 
these orbits are neither of finite dimension nor of finite codimension. We view them 
as ind- varieties, in particular, their intersection with any Sr'*' is an algebraic variety. 
The following proposition gives the basic properties of these orbits. Recall that for 
/i, A G X^{T) we say that /_i < A if A — /i is a sum of positive coroots. 

3.1. Proposition. We have 

(a) = Un<iy Sri- 

(h) Inside Su, the boundary of Su is given by a hyperplane section under an embedding 
of Qr in projective space. 

Proof. Because translation by elements in Tx is an automorphism of the Grassmannian, 
it suffices to prove the claim on the identity component of the Grassmannian. Hence, 
we may assume that G is simply connected. In that case G is a product of simple 
factors and we may then furthermore assume that G is simple and simply connected. 

For a positive coroot a, there is T-stable passing through such that the 

remaining lies in 3,^, constructed as follows. First observe that the one parameter 
subgroup for an affine root ip = a + k6 fixes L^^ if z''~^"''^'^ Qa fixes Lq, i.e., if 
k > {a,u). So, for any integer k < {a,v), {qx)-4) does not fix Ly, but {qx)-^ does. We 
conclude that for the S'L2-subgroup generated by the one parameter subgroups U±^ 
the orbit through Ly is a and that U^p ■ Ly = h} lies in Sy since a > 0. The point 
at infinity is then Lg^y for the reflection in the affine root For k = {a,v) — 1 
this yields Ly^a as the point at infinity. Hence S^-a'^Si, for any positive coroot a and 
therefore UrjKv Srj <Z Sy. 

To prove the rest of the proposition we embed the ind-variety Sr in an ind-projective 
space via an ample line bundle XL on Sr. For simplicity we choose L to be the 

positive generator of the Picard group of Sr. The action of Gx on Sr only extends to 
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a projective action on the line bundle H. To get an action on XL we must pass to the 
Kac-Moody group Gx associated to 0%, which was discussed in the previous section. 
The highest weight Aq of the resulting representation V = H'^(Sr, XL) is zero on T and 
one on the central Gm- Thus, we get a Gjc-equivariant embedding ^' : Sr ^ F(V) 
which maps Lq to the highest weight line Va^. In particular, the T- weight of the line 
^(Lq) = Vao is zero. 

We need a formula for the T-weight of the line ^{L^) = v ■ '^{Lq) = v ■ Vaq- Now, 

V ■ Va.0 = H;-Ao! where v is any lift of the element v G X*(T) to T^c, the restriction to 

of the central extension Gjc of G-yi by Gm,. For t £ T, 

(3.1) (? • Ao)(t) = Ao{^^-hD) = Ao{u-hut-^) , 

since Ao(t) = 1. The commutator x,y i— > xyx^^y^^ on Tx descends to a pairing of 
Tjc X Tjc to the central Gm- The restriction of this pairing to X^:{T) x T ^ Gm, can 
be viewed as a homomorphism l : X*(T) X*{T), or, equivalently, as a bilinear form 
( , )* on X^{T). Since Aq is identity on the central Gm and since D^^tut^^ € G^, we 
see that 

(3.2) (?-Ao)(t) = v-^tVr^ = {tu){t)-^ , 

i.e., ■ Aq = —tv on T. We will now describe the morphism l. 

The description of the central extension of Qx, corresponding to 0%, makes use of 
an invariant bilinear form ( , ) on g, see, for example, |PSj . From the basic formula 
for the coadjoint action of Gx (see, for example, |PSj ). it is clear that the form ( , )* 
above is the restriction of ( , ) to t = C 0X^(T). The form ( , ) is characterized by the 
property that the corresponding bilinear form ( , )* on t* satisfies {0,0)* = 2 for the 
longest root 9. Now, for a root a E A we find that 

/ N 2 io.oy 

(3.3) La = —a = —aG 11,2,3^ -a 

^ ' (a, a)* (a, a)* i ' ' J 

We conclude that n = /,(Z+A+), i.e., 

(3.4) V < 7] is equivalent to lv < lt] for v,!] € X^(T) . 

Let us write l^>-tj/CV>_ti/ for the sum of all the T-weight spaces of V whose T- 
weight is bigger than (or equal to) —lv. Clearly the central extension of Nx acts by 
increasing the T weights, i.e., its action preserves the subspaces V^-^i, and V>-lu- This, 
together with (|3.4j) . implies that U^<,y Srj = "^~^{F{V>-l,^)). In particular, Uri<u Sn is 
closed. This, with L)rj<u Srj C S^, implies that 5",^ = Ur^<u 5^, proving part (a) of the 
proposition. 

To prove part (b), we first observe that Ur,<jy S^^ = '^'^^{FiV^^-^u))- The line 'i'{L^) 
lies in V>-i,u but not in Vy-^u- Let us choose a linear form f on V which is non- 
zero on the line ^{L^) and which vanishes on all T-eigenspaces whose eigenvalue is 
different from —ii/. Let us write H for the hyperplane {/ = 0}cy. By construction, 
for V G ^'(Ljy), and any n in the central extension of Nx, nv C* ■ v + V^-iu- So 

V implies f{nv) ^ 0, and we see that Sy H = %. Since ^n<uSn C H, we conclude 
that S^n H = UrjKuSn-, as required. 

□ 
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Let us also consider the unipotent radical of the Borel opposite to B. The 
A^'^-orbits on Sr are again parameterized by X*(r): to each u G X^(T) we associate 
the orbit T^, = ■ . The orbits 5',^ and Tjy intersect the orbits Sr^ as follows: 

3.2. Theorem. We have 

a) The intersection Si, CiS^ is non-empty precisely when ^ ^r^ and then 
Sv n Sr^ is of pure dimension p{v + A) , if X is chosen dominant. 

b) The intersection T,^ D^r^ is non-empty precisely when Ly ^r^ and then 
Ty n ^r^ is of pure dimension — p{u + A) , if \ is chosen anti- dominant . 

3.3. Remark. Note that, by (|2.2|) . Ly G Sr^ if and only ifiy is a weight of the irreducible 
representation of Gq of highest weight A; here G is the complex Langlands dual group 
ofG, i.e., the complex reductive group whose root datum is dual to that ofG. 

Proof. It suffices to prove the statement a). Let the coweight 2p : Gm — > T be the 
sum of positive coroots. When we act by conjugation by this coweight on N'x^ we see 
that for any element n G N^, \\m.s^Q2p{s)n = 1. Therefore any point x £ satisfies 
lim^^o 2/o(s)a; = L^. As the are the fixed points of the Gm-action via 2/5, we see 
that 

(3.5) Sy = {x G gr I lim 2p{s)x = L^} . 

Hence, if x G 5*,^ R Sr'^ then, because Sr^ is T-invariant, we see that Ly G Sr^- Thus, 
Su n Sr'^ is non-empty precisely when G Sr-^. Recall that, as was remarked above, 
we then conclude, by ()2.2() . that PI gr"^ is non-empty precisely when is a weight of 
the irreducible representation of Gc of highest weight A. Let us now assume that z/ is 
such a wait. 

We begin with two extreme cases. We claim: 

I ■ Ly if is dominant 
{Ly} if v is anti-dominant 

We see this as follows. We first observe that = Nq ■ {N^ f] K^). Then we can write 

(3.7) Syr\^= NQiNjcr\K^yLy r\ W = No-{{N^r\K^)-vr\W) ■ 

But now {N'x^K^)-Ly C K^-Ly and by we know that Gq -L^^nSr^ = G-Ly and 

because -L^ is the fiber of the projection Gq -Ly G-L\, we get K_ -z^nSr-^ = L^. 
Thus we have proved the first equality in (|3.6j) . If v is antidominant, then Nq stabilizes 
Lij. li V is dominant then stabilizes and then I ■ = Bq ■ Nq ■ Ly = Bq ■ Ly = 

No ■ Ly. 

From (|3.6() we conclude that the theorem holds in the extreme cases when = A or 
V = vjQ ■ \, where wq is the longest element in the Weyl group. Let us now consider 
an arbitrary v such that Ly G Sr^, v > wq ■ X and let C be an irreducible component 



(3.6) 



Syr\^T'^= No-L, 
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of Si, n Sr'^- We will now relate this component to the two extremal cases above and 
make use proposition 13.11 

Let us write Cq for C, d for the dimension of C, and Hy for the hyperplane of 
proposition 13.11 (b). Let us consider an irreducible component D of Co H Hy. By 
proposition 13.11 the dimension oi D \s d — \ and D C ^n^uSfj,. Hence there is an 
ui < V = vq such that Ci = Dr\ S^^ is open and dense in D. Of course dimCi = d — 1. 
Continuing in this fashion we produce a sequence of coweights i^^, k = 0, . . . ,d, such 
that ffc < ffc-i, and a corresponding chain of irreducible components of S^^, fl Sr-** 
such that dimCfc = d — k. As dimension of Cd is zero, we conclude that Vd > wqX. 
Hence, we conclude that 

(3.8) dimC = d<p{iy-wo-X). 

We now start from the opposite end. Let us write = SxCiSr^. Then, Aq = Sr-*" and 
dim = 2p(A). Let us proceed as before, and consider Aq n Hx- As C C Sr-**, we can 
find a component D of AqD H\ such that C C D. Arguing just as above, there exists a 
/i < A and a component Ai of S^CiS^-^ such that Ai = D. Of course, dim = 2p{X) — l. 
Continuing in this manner we can produce a a sequence of coweights /ifc, k = 0, . . . ,e, 
with ^0 = X, pe = ^1 such that p-k < Pk-i, and a corresponding chain of irreducible 
components A^ of 5',^^. Sr-*" such that dimyl^. = 2p(A) — k and A^ = C. From this we 
conclude that 

(3.9) codim|rxC = e < p{X — v) . 
The fact that 

(3.10) dim C + codimgp^C = dimS^ = 2p(A) , 
together with the estimates ()3.8() and ()3.9|) force 

(3.11) dimC = p{v — wq ■ X) and codim-gp^C = p(A — v) , 

as was to be shown. □ 

The corollary below will be used to construct the convolution operation on perverse 
sheaves in the next section. 

3.4. Corollary. For any dominant X G X^,{T) and any T -invariant closed subset X C 
S?^ we have dim(AL) < max^ p{X + i'), where X'^ stands for the set of T- fixed 

points of X. 

Proof. Prom the description ()3.5|) we see that X D is non-empty precisely when 
Ly G X. As 

(3.12) X = Ul,,^xt xnSy c UL^^xTS^nSy, 

we get our conclusion by appealing to the previous theorem. □ 
Let us write Modt for the category of finitely generated k-modules. 
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3.5. Theorem. For all A € Pgo(S?^, we have a canonical isomorphism 

(3.13) }i'ciS,,A) A }iU^r,A) 
and both sides vanish for k ^ 2p(i/) . 

In particular, the functors : Pgq i^i", k)— > Modk, defined by fJ^= Yi^J^^^^ [Sy, —) = 
'B^^'^\^r,—), are exact. 

Proof. Let A E (Sr, k). For any dominant r/ the restriction yi|Si''' lies, as a complex 
of sheaves, in degrees < — dim(Sr'') = —2p(r]), i.e., j^.jSr'' € D-~^^*-''^(Sr'', k). From 
the dimension estimates lO and fact that Hj(5i.ngr'',lk) = 0, for k > 2 dim(5'j.ngr'') = 
2p{h' + rj) we conclude: 

(3.14) Hj(5^ngr'',yi) = iik>2p{u). 

A straightforward spectral sequence argument, filtering Sr by Sr'', implies that 
H*(5j^,yi) can be expressed in terms of H*(5;^ H Sr'',yi) and this implies the first of 
the statements below: 

H^(5,,yi) = if A;>2pH 
(3-15) . 

B.^^{3t:,A) = if < 2p(zy). 

The proof for the second statement is completely analogous. 

It remains to prove ()3.13() . Recall that we have a Gm-action on Sr via the cocharacter 
2p whose fixed points are the points Ly, u ^ X^{T), and that 

(3.16) Su = {x G Sr I lim 2p{s)x = L^} 

(3.17) Ty = {x G gr [ lim 2p{s)x = L^} . 
The statement ()3.13() now follows from theorem 1 in |Brj . 

□ 

We will denote by F : Fgq (Sfik)— > Modk the sum of the functors F^, v G X*(T). 

3.6. Theorem. We have a natural equivalence of functors 

B* ^ F = BlP^'^S,,-) : PGjSr,k) ^Modk. 
uex, (T) 

Furthermore, the functors Fy and this equivalence are independent of the choice of the 
pair T C B. 

Proof. The Bruhat decomposition of Gjc for the Borel subgroups Bjc, gives de- 
compositions = U Su = U Ty and hence two filtrations of Sr by closures of S^s 
and TyS. This gives two filtrations of the cohomology functor H*, both indexed by 
Xtf[T). One is given by kernels of the morphisms of functors H* — > H*(S',y,— ) and 
the other by the images of Hi:^(Sr,— ) — > H*. The vanishing statement in 13.51 im- 
plies that these filtrations are complementary. More precisely, in degree 2p{v) we get 
H^('^)(Sr,-) = 4''('^)(Sr,-), Y&^''\'S;,-) = l^^^Xs,,-), and the composition of 

the functors H^^^^^(9r,— ) Y{^pi^) Hc^^^^(S'jy, — ) is the canonical equivalence in 
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ni5[ Hence, the two filtrations of H* split each other and provide the desired natural 
equivalence. 

It remains to prove the independence of the equivalence and the functors F^, of the 
choice of T C B. Let us fix a reference Tq C Bq and a u € X^:{To) which gives us the 
= {Nq)x ■ V. The choice of pairs T C .B is parameterized by the variety G/Tq. Note 
that there is a canonical isomorphism between T and Tq; they are both canonically 
isomorphic to the "universal" Cartan Bq/Nq = B/N. Consider the following diagram 

Sr Sr X G/To S 

(3.18) g 

G/To G/To . 

Here p,q,r are projections and S = {{x,gTQ) G Sr x G/Tq \ x G gSy}- For a point in 
G/Tq, i.e., for a choice oiT d B the fiber of r is precisely the set Sy of the pair. Now, 
for any A G PGo(Si',k) the local system Rq^j\j*p*A is a sublocal system of Rq^p*A. 
As the latter local system is trivial, so is the former and hence the functors Fi, are 
independent of the choice of T C B. □ 

3.7. Corollary. The global cohomology functor U.* = F : Pgo(S'^, — > Modk is faithful 
and exact. 

Proof. The exactness follows from 13.51 and 13.61 If ^1 G Pg^ (Sr, k) is non-zero then 
there exists an orbit Qr^ which is open in the support of A. If we choose A dominant 
then Tx H is a point in Sr^ and we see that Fx{A) ^ 0. As H* does not annihilate 
non-zero objects it is faithful. □ 

3.8. Remark. The decompositions for N and its opposite unipotent subgroup are 
explicitly related by a canonical identification H| (S?", -A) = H^^ ^(Sr, yi), given by the 
action of any representative of wq, the longest element in the Weyl group. 

From the previous discussion we obtain the following criterion for a sheaf to be 
perverse: 

3.9. Lemma. For a sheaf A G DGg(Sr, k), the following statements are equivalent: 

(1) The sheaf A is perverse. 

(2) For all v G X*(T) the cohomology group H* (5^,71) is zero except possibly in 
degree '2,p{v). 

(3) For all v group H^^(Sr, yi) is concentrated in degree —2p{y\ 

Proof. By 13.51 and 13.61 and an easy spectral sequence argument one concludes that 
if/^^^Su, m^iA)) = lf/^'''^^'"{Su, A). This forces A to be perverse. □ 

Finally, we use the results of this section to give a rather explicit geometric descrip- 
tion of the cohomology of the standard sheaves J!(A,k) and J*(A,k). 

3.10. Proposition. There are canonical identifications 

Fy[3iiX,k)] ^ k[Irr(9^nS^)] ^ F^[3,{X,k)]; 
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here 'k[Irr{^rx fl Sy)] stands for the free k-module generated by the irreducible compo- 
nents of Srx n 

Proof. We will give the argument for J!(A,lk). The argument for J,,(A,lk) is completely 
analogous. We proceed precisely the same way as in the beginning of the proof of 
13.51 Let us write A = J!(A,Ik). Consider an orbit Qr^ in the boundary of Sr^. Then 
yi|gr'' G D^-di>^(Sr'')-2(gj.r,^jj)_ rpj^^ estimate 1X11 implies that H^(S^ n gr'',yi) = if 
k > 2p{v) — 2. Therefore, we conclude by using the spectral sequence associated to the 
filtration of gr by g?' that Yif^''\s^,,A) ^ rI''^''\s^ n gr^,yi). Finally, 

(3.19) H2/'H(5^ngr^,yi) = H2^('^+^)(s^ngr^,ik) = Rl'^''^''^''^3'^\s,,n9r^,k) . 

As the last cohomology group is the top cohomology group, it is a free k-module with 
basis Irr (gr^ n ^i,). □ 

4. The Convolution product 

In this section we will put a tensor category structure on PGQ(gr,lk) via the con- 
volution product. The idea that the convolution of perverse sheaves corresponds to 
tensor product of representations is due to Lusztig and the crucial proposition 4.1, for 
k = C, is easy to extract from [Lu]. In some of our constructions in this section and 
the next one we are lead to sheaves with infinite dimensional support. The fact that it 
is legitimate to work with such objects is explained in section 2.2 of |Naj . 

Consider the following diagram of maps 

(4.1) grxgr^Gjcxgr^GacXG^gr^gr. 

Here Gx gr denotes the quotient of G^sc x gr by Go where the action is given 
on the G3<:-factor via right multiplication by an inverse and on the gr-factor by left 
multiplication. The p and q are projection maps and m is the multiplication map. We 
define the convolution product 

(4.2) Ai*A2 = Rm,A where q*A= p* {pr'^ {AimA2)) ■ 

L 

To justify this definition, we note that the sheaf p*(PH°(yiiKiyi2)) on G3<;X gr is GqxGq- 
equivariant with the first Go acting on the left and the second Go acting on the Gjc- 
factor via right multiplication by an inverse and on the gr-factor by left multiplication. 
As the second Go-action is free, we see that the unique A in (|4.1() exists. 

4.1. Lemma, //k is afield, or, more generally, if one of the factors }l*{Sr,Ai) is flat 

L 

over k, then the outer tensor product A1MA2 is perverse. 

When k is a field this is obvious on general grounds. When II*(gr,yii) is flat over k 
one sees this by applying Lemma 13.91 to the Grassmannian grxgr of GxG. First, as 
II*(gr,yij) is flat, so are its direct summands ILc^^'^^\s,y-,Ai). Now we have 

(4.3) hJ(5^, x 5^2,yiiiyi2) = R''^'{Sy„Ai)m'!^{Sy„A2). 

ki+k2=k 
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By the flatness assumption the tensor product on the right has no derived functors. 

L L 

Hence, H^(5^i x Sy^,AiMA2) = if A; / 2p{vi + V2)- Therefore, by LemmaEl ^1x^^12 
is perverse. 

4.2. Proposition. The convolution product Ai *A2 of two perverse sheaves is perverse. 

To prove this, let us introduce the notion of a stratifled semi-small map. To this end, 
let us consider two complex stratified spaces {Y, T) and (X, S) and a map f : Y ^ X. 
We assume that the two stratifications are locally trivial with connected strata and that 
/ is a stratified with respect to the stratifications 7 and S, i.e., that for any T € 7 the 
image f{T) is a union of strata in § and for any 5 G 8 the map f\f~^{S) : f~^{S) —>■ S 
is locally trivial in the stratified sense. We say that / is a stratified semi-small map if 

a) for any T € T the map /|T is proper 

b) for any T € T and any 5" € § such that S C f(T) we have 

(4.4) _ 1 

dim(/~i(x) nr) < - (dim /(T) - dim 5) 

for any (and thus all) x € S . 

Let us also introduce the notion of a small stratified map. We say that / is a small 
stratified map if there exists a (non-trivial) open dense stratified subset W of Y such 
that 

a) for any T E T the map /|T is proper 

b) the map f\W : W f{W) is finite and W = f~^{f{W)) 
5^ c) for any T £ 7 and any 5 G 8 such that S C f(T) — f(W) 

we have dim(/^^(x) fi T) < — (dim/(T) — dim 5) 
for any (and thus all) x £ S . 
The result below follows directly from dimension counting: 

4.3. Lemma. If f is a semi-small stratified map then Rf^^A G P§(X, k) for all A G 
Pg-(y, k) . If f is a small stratified map then, with any W as above, and any A G 
V'jiW, k), we have Rf^^ji^^A = juf*A, where j : W ^ Y and j : f{W) ^ X denote the 
two inclusions. 

We apply the above considerations, in the semi-small case, to our situation. We 
take Y = Gx and choose 7 to be the stratification whose strata are Sr = 

p-i(gr^) Sr^, for A,/i G X^{T) . We also let X = Sr, 8 the stratification by Go- 
orbits, and choose f = m. Note that the sheaf A is constructible with respect to the 
stratification T. To be able to apply 14.31 and conclude the proof of 14.21 we appeal to 
the following 

4.4. Lemma. The multiplication map Gjc 9r ^ Qr is a stratified semi-small map 
with respect to the stratifications above. 
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Proof. We need to check that for any Go-orbit Qr'^ in gr'^+^j the dimension of the fiber 
m^^Ly n Sr ''^ of m : Sr j-gr-^+M at L^, is not more than ^codim g^^^_^ gr^. We can 
assume that v is anti-dominant since Qr"'''' = Sr^, w ^W. Since for any dominant r/, 
dimSr'' = 2p(r/), the codimension in question is: 

codim-gp^Sr'" = 2p{X + fi) - 2p{wQ-u) = 2p{\ + p + v). 
Therefore, we need to show that 

(4.6) dim(m"^Li, n g'r'^''') < p{\ + p + v). 

Let p be the projection 0% Sr Sr given by {g,hGo) i— > gGo, and consider 
the isomorphism {p,m) : Gx gr = gr x gr. The mapping {p,m) carries the fiber 

m~^L^ to gr X Ly. The set p{m^^Li, n gr is T-invariant, and hence we can apply 
corollary 13.41 to compute its dimension. To do so, we need to find the T-fixed points in 

p{m~^Ly n gr C gr^. The T-fixed points in rn'^L^ fi gr are precisely the points 
(z*^, z'^Gq) such that 4> and ■0 are weights of L{X) and L{p) and (j) + tp = v. Hence, 

the set T-fixed points in m~^Li, n gr consists of the points of the form {z'^,z'^Go) 
with (p + ip = V and and weights of irreducible representations T(A') and L{p!^ for 
some dominant A', /x' such that A' < A, p! < p. For 0, ^/^, /x' as above, we have 

p{\ 0) < p{\ + 0) -h p'yi) + /i') = p{\^v^ p') < p{X + i^ + p). 

Therefore, 

(4.7) dim(p(m-^T^ n gr ''')) < max {p{X + (j))) < p(A + u + p) . 

This implies 1)4. 6|) and concludes the proof. 

□ 

In completely analogy with 1)4. 2|) . we can define directly the convolution product 
of three sheaves, i.e., to Ai,A2,A3 we can associate a perverse sheaf Ai * A2 * A3. 
Furthermore, we get canonical isomorphisms Ai *A2*A3 = {Ai *A2) * A3 and Ai*A2 * 
A3 = Ai*{A2*A3). This yields a functorial isomorphism {Ai*A2)*A3 = Ai*{A2*A3). 

Thus we obtain: 

4.5. Proposition. The convolution product (|4.2)) on the abelian category FcoiSi",^) is 
associative. 

5. The commutativity constraint and the fusion product 

In this section we show that the convolution product defined in the last section 
can be viewed as a "fusion" product. This interpretation allows one to provide the 
convolution product on (Sr, k) with a commutativity constraint, making (Sr, k) 
into an associative, commutative tensor category. The exposition follows very closely 
that in |MiV2j . The idea of interpreting the convolution product as a fusion product 
and obtaining the commutativity constraint in this fashion is due to Drinfeld and was 
communicated to us by Beilinson. 
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(5.1) R 



Let X be a smooth complex algebraic curve. For a closed point x £ X wq write 0^ 
for the completion of the local ring at x and %x for its fraction field. Furthermore, for 
a C-algebra R we write Xr = X x Spec(-R), and X*^ = [X — {x}) x Spec(i?) . Using the 
results of |BLH IBL2[ ILSj we can now view the Grassmannian S^x = Gjc^ / Gq^ in the 
following manner. It is the ind-scheme which represents the functor from C-algebras 
to sets : 

R 1-^ {9" a G-torsor on Xr, u : G x X%^3'\ a trivialization on Xr } . 

Here the pairs (3", v) are to be taken up to isomorphism. 

Following |BDj we globalize this construction and at the same time work over several 
copies of the curve. Denote the n fold product by X" = X x ■ ■ ■ x X and consider the 
functor 

(xi, . . . , Xn) S X"'(R), H a G-torsor on Xr , 

^{xi,...,x„) ^ trivialization of 3^ on Xr — Uxi 

Here we think of the points Xi : Spec(i?) — > X as subschemes of Xr by taking their 
graphs. This functor is represented by an ind-scheme 9i"X"- Of course S^X" is an 
ind-scheme over X" and its fiber over the point {xi, . . . , Xn) is simply HiLi S^y, , where 
{yi,... , Hk} = {xi, . . . , Xn}, with all the yi distinct. We write Srjf i = Sr^- 

We will now extend the diagram of maps (|4.H) . which was used to define the con- 
volution product, to the global situation, i.e., to a diagram of ind-schemes over X^: 

(5.2) Srx X Srx ^ Sr^^r^ ^ Sr^xSr^ ^ Sr^^ ^ X^ . 

Here, Srx x Srx denotes the ind-scheme representing the functor 

(xi,X2) € X'^{R); 3^1,3^2 G-torsors on Xr; vi a trivialization of \ 
^ 3'i on Xr — Xi, for i = 1,2; a trivialization of 3~i on (Xr)^^ J 

where (Xr)^^ denotes the formal neighborhood of X2 in Xr. The "twisted product" 
9^x X 9i'x is the ind-scheme representing the functor 

{xi,X2) G X'^{R); 3^1,3^ G-torsors on Xr; ui a trivialization 
of :Ji on Xfi - xi; r? : ^ \x^-x,) J ' 

It remains to describe the morphisms p, q, and m in ()5.2() . Because all the spaces in 
1)5. 2|) are ind-schemes over X"^, and all the functors involve the choice of the same point 
(xi,X2) € X'^{R), we omit it in the formulas below. The morphism p simply forgets 
the choice of y^i, the morphism q is given by the natural transformation 

(3"i,z^i,/ii; J2,i^2) 1-^ {3'i,ui,3',r]), 

where 3" is the G-torsor gotten by gluing 9"i on Xr — X2 and 3"2 on (Xr)^^ using the 

isomorphism induced by 1^2 ° fJ-i^ between 3"! and 3"2 on {Xr — X2) n (Xr)^^. The 
morphism m is given by the natural transformation 

(71,1/1,3", 77) ^ (3", I/) , 



(5.3) R 



(5.4) R 
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where u = {rj o i'i)\{Xji — xi — X2). 

The global analogue of Go is the group-scheme Gx^,o which represents the functor 

{(xi, . . . , Xn) € 9" the trivial G-torsor on Xr , 
\ ■ 
^(xi,...,x„) a trivialization of J on (Xij)(^,u-ux„) J 

Proceeding as in section|l]we define the convolution product of Si, S2 G Pg^ q (Sixj H^) 
by the formula 

(5.6) 'Bi*x'B2 = i?m3 where g*S = p*(PH°('Bi^'B2)) . 

To make sense of this definition, we have to explain how the group scheme Gx,o acts 
on various spaces. First, to see that it acts on SiX; we observe that we can rewrite the 
functor in (|5.H) . when n = 1, as follows: 



(5.7) R 



X € X{R), 3" a G-torsor on {Xr)^ , 
Vx a trivialization of 9" on (Xr)^ — x 
Thus we see that Gx,o acts on Six by altering the trivialization in ()5.7|) and hence 
we can define the category PGxQ(Srx,k). As to Six x SiX) two actions of Gx,o are 
relevant to us. First, let us view Gx,o as group scheme on X"^ by pulling it back for the 
second factor. Then Gx,o acts by altering the trivialization in 1)5. 3|) . This action is 

free and exhibits p : Sr^ x Six Six x Six as a Gx,o toisoi. To desciibe the second 
action we lewiite the definition of Six x Six in the same fashion as we did foi SiXj 
i.e., Six X Six can also be viewed as representing the functoi 



(5.8) R ^ < 



{xi,X2) € X^{R); foi z = 1,2 3"j is a G-toisor on (Xr)^,, 
Vi a trivialization of 3'i on (X/j)^. — Xj, 
and /ii is a tiivialization of 9"i on {Xr)^^ 

We again view Gx,o as a gioup scheme on X"^ by pulling it back fiom the second 

factoi. Then we can define the second action of Gx.o on Six x Six by letting Gx,o act 
by alteiing both of the tiivializations /xi and U2- This action is also fiee and exhibits 

q : Six X Six Six X Six as a Gx,o toisoi. Thus, we conclude that the sheaf S in 
(|5.6|1 exists and is unique. 

Let us note that the map m is a stiatified small map - legaidless of the stiatification 
on X. To see this, let us denote by A C X'^ the diagonal and set U = X"^ — A. Then 
we can take, in definition 14. 5[ as W the locus of points lying ovei U. That m is small 
now follows as m is an isomoiphism ovei U and ovei points of A the map m coincides 
with its analogue in section 0] which is semi-small by pioposition 14.41 

We will now constiuct the commutativity constiaint. Foi simplicity we specialize 
to the case X = A}. The advantage is that we can once and foi all choose a global 
cooidinate. Then the choice of a global cooidinate on A^, trivializes Six over X] let us 
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write T : Qix — ^ Sr for the projection. By restricting Srx(2) to the diagonal A = X and 
to [/, and observing that these restrictions are isomorphic to Srx and to (S^x x S^x)]?/, 
respectively, we get the following diagram 



Qrx — - — > Srx2 ^— ^ — (Srx x S'CxMU 



(5.9) 



X > X"^ i u . 

Let us denote r" = r*[l] : Pg^ (Sr, k) ^ Pg^ „ (Sr^, k) andi° =^[-1] : Pc^^JSr^,! 
PGo(Sr,k). Foryii,yi2 ePGo(Sr,k) we have: ' 



r°yii*xT°yi2 = ji,(^PR^{T°AimT"A2)\u^ 



(5.10) 

b) T"(yii*yi2) = i°{T°Ai*xT°A2). 

Part a) follows from smallness of m and lemma E31 and part b) follows directly from 
definitions. 

Utilizing the the statements above yields the following sequence of isomorphisms: 

T°{Ai * A2) = (pB^{t°AiMt°A2)\U 
(5.11) V 

^ i°j!,(PH0(r°^2^T°yii)|[/) ^ t"{A2*Ai) . 

Specializing this isomorphism to (any) point on the diagonal yields a functorial iso- 
morphism between Ai * A2 and A2 * Ai. This gives us a commutativity constraint 
making PG(3(Si',k) into a tensor category. In the next section we modify this commu- 
tativity constraint slightly. The modified commutativity constraint will be used in the 
rest of the paper. 

5.1. Remark. One can avoid having to specialize to the case X = here, as well as 
in the next section. This can be done, for example, following |BDj and dealing with all 
choices of a local coordinate at all points of the curve X . This gives rise to the Aut(O)- 
torsor X —I- X. The functor t° : Pg^ {9r,k) Pgx o (S^^x^k) is constructed by noting 
that 3i"x X is the fibration associated to the Aut(0)-torsor X ^ X and the Aut(O)- 
action on ^r. By proposition sheaves in Pgo(S?^, k) are Aut((D)-equivariant and 
hence we can transfer them to sheaves on Qrx- 

6. Tensor functors 

In this section we show that our functor 
(6.1) H* ^ F = H2^H(5^,_) : PGjgr,k)^Modk 

u€X4T) 

is a tensor functor. In the case when k is not a field, the argument is slightly more 
complicated and we have to make use of some results from section 10. However, the 
results of this present section are used in section 7 only in the case when k is a field 
and not in full generality till chapter 11. 
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Let us write ModJ. for the tensor category of finitely generated Z/2Z - graded (super) 
modules over k. Let us consider the global cohomology functor as a functor H* : 
P(3g(Sr,Ik) — !■ Mod|; here we only keep track of the parity of the grading on global 
cohomology. Then: 

6.1. Lemma. The functor H* : {Sr,^) Mod^ is a tensor functor with respect to 
the commutativity constraint of the previous section. 

Proof. We use the interpretation of the convolution product as a fusion product, ex- 
plained in the previous section. Let us recall that we write vr : S^x^ — ^ for the 
projection and again set X = A^. The lemma is an immediate consequence of the 
following statements: 

(6.2a) i?7r*(r°(yii) *x t°{A2))\U is the constant sheaf H*(gr,yii) H*(gr,yi2) . 

(6.2b) Rtt,{t\Ai) *x r°(yi2))|A = r'^ {R* {5r , Ai * A2)) . 

(6.2c) the sheaves R'^tt^{t'^{Ai) *x t^{A2)) are constant . 

From (|5.1fl|) we immediately conclude ()6.2b|) in general and (|6.2aj) when k is field. To 
prove (|6.2a|) in general, we must show: 

(6.3) H*(gr X gr,PH0(yii^yi2)) = H*(gr,yii)®H*(gr,yi2). 

We will argue this point last and deal with (|6.2c|) next. Let us write vf : grx x g^x 

for the natural projection. Then vf = vr o m. Thus, in order to prove (|6.2c|) it suffices 

to show: 

(6.4) R^TT^'B is constant; 

L 

recah that here g*S = p* {Ai)Mt^ {A2)) . To do so, we will show that the stratification 
underlying the sheaf H is smooth over X"^. Recall that by a choice of a global coordinate 
on X = we get an isomorphism — gr x X. Thus, the sheaves t^{Ai) and r'^(yi2) 
are constructible with respect to the stratification gr^ which correspond to gr'*' x X 
under the above isomorphism; here, as usual, A € X*(T). These strata are smooth over 
the base X by construction. Thus, we conclude that the sheaf S is constructible with 
respect to the strata gr^xgr-^, for X, ^ & Xj.iT), which are uniquely described by the 
following property: 

(6.5) ^"'(Sr^xgr^) = ^-^(gr^ x gr^) . 

In other words, the strata gr;^ xgr-^ are quotients of p^^(gr^ x gr ■^) by the second Gx,o 

action on gr^ x gr^ defined in section El which makes q : S^x x gr^ — > Qj^x x gr^ a 
Gx,o torsor. As such, the gr^ x gr are smooth. Furthermore, the projection morphism 
T^x.fi '■ 9^x ^ S^x ~^ smooth. This can be verified either by a direct inspection or 

concluded by general principles from the fact that all the fibers of tt^^^ are smooth and 
equidimensional. This, then, lets us conclude ()6.2c() . 

It remains to argue (|6.3() . Let us first assume that one of the factors H*(gr,yij) is 

L 

flat over k. Then, by Lemma (|4.1j) . the sheaf yiiKiyi2 is perverse. Then, again using 
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the flatness of H*(Sr,>lj), we get 

(6.6) H*(gr X gr/H°(Ai^yi2)) = R* {9r x 9r , A1MA2) = 

H*(gr,yii)®H*(gr,yi2) = H*(gr,yii) 0H*(gr,yi2). 

To argue the general case we make use of Corollary 19.21 and Proposition 110.11 
Corollary 19.21 allows us to write any A G Pg^ (gr, k) as a quotient of a projective 
7 S Pgo (Z, k) and Proposition 110. II tells us that H*(gr, T) is free over k; here Z is any 
Gg-invariant finite dimensional subvariety of gr which contains the support of A. Let 
us consider a resolution of Ai by such projectives: 

(6.7) Q^T^Ai^O. 

As the functor A ^ ^il^{AMA2) is right exact, we get an exact sequence 

(6.8) PH°(Q^yi2) ^ m^imAi) m\AiMA2) . 

Because cohomology is a an exact functor and making use of the fact that we have 
already proved (|6.3() for the first two terms, we get an exact sequence 

(6.9) H*(gr,Q)(g)H*(gr,yi2) ^H*(gr,T)0H*(gr,yi2) ^ 

^ H*(gr X gr, PH0(yiiiyi2)) ^ o . 

Comparing this exact sequence to the one we get by tensoring the exact sequence 

(6.10) H*(gr, Q) ^ H*(gr, 7) ^ H*(gr,yii) ^ 

with H*(gr,yi2) concludes the proof. □ 

6.2. Remark. The statements in (16. 2|) hold for an arbitrary curve X. This can he seen 
by utilizing the Aut{0) -torsor X ^ X of remark [^71 and proposition for details 



see liN al . 



Let Modk denote the category of finite dimensional vector spaces over k. To make 
H* : PG'Q(gr,k) — > Modt into a tensor functor we alter, following Beilinson and Drin- 
feld, the commutativity constraint of the previous section slightly. We consider the 
constraint from section [51 on the category PGo(gr,k) (g) Mod| and restrict it to a sub- 
category that we identify with P^^ (gr,k). Divide gr into unions of connected compo- 
nents gr = gr+ U gr_ so that the dimension of Go-orbits is even in gr+ and odd in 
gr_. This gives a Z2-grading on the category PG'Q(gr, k) hence a new Z2-grading on 
PGo(gr,k) (8) Mod|. The subcategory of even objects is identified with PG'jj(gr,k) by 
forgetting the grading. Hence, we conclude from the previous lemma: 

6.3. Proposition. The functor H* : PGQ(gr, k) — > Mod^ is a tensor functor with 
respect to the above commutativity constraint. 

Let us write Mod|k(X*(T))) for the (tensor) category of finitely generated k-modules 
with a X*(r)-grading. We can view F = ®j/gx*(T) as a functor from PGQ(gr,k) to 
Mod]k(^*(r))). Then we have the following generalization of the previous proposition: 
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6.4. Proposition. The functor F : FcoiSi^,^) Modik(^*(T))) is a tensor functor. 

Proof. The notion of the subspaces S,^ and Tj, can be extended to the situation of 
famihes, i.e., to the global Grassmannians S^x"- Recall that the fiber of the projection 
rn : 9rx" ^ over the point (xi, . . . , x„) is simply HiLi Sr^^ , where {yi,...,yk} = 
{xi, . . . , Xn}, with all the yi distinct. Attached to the coweight v G X^{T) we associate 
the ind-subscheme 

k 

(6.11) Yl ^ Yl9ry^=r~^{xi,...,Xn) 

i/lA hUk='^ i=l 

These ind-schemes altogether form an ind-subscheme S^iX"^) of S^X"- This is easy to 
see for n = 1 by choosing a global parameter, for example. By the same argument 
we see that outside of the diagonals 5jy(X"') form a subscheme. It is now not difficult 
to check that the closure of this locus lies inside Siy{X^). Similarly, we define the 
ind-subschemes T,y(X"). Let us write Si, and t^^ for the inclusion maps of Su{X"') and 
Ty{X'^) to 9rx"; respectively. We have the action of Gm on S^x" via the cocharacter 
2f). The fixed point set of this action consists of the locus of products of the fixed 
points in the individual affine Grassmannians, i.e., above the point (xi, . . . ,x„) where 
{xi, . . . , Xn\ = {yii • • • , yk}, with all the yi distinct, the fixed points are of of the form 

k 

(6.12) (L,,,...,L,J eHSry.; 

i=l 

recall that we write for the point in 9^ corresponding to the cocharacter u € X^{T). 
We write for the subset of the fixed point locus lying inside S^iX"^), i.e., 

(6.13) C,nr-i(xi,...,x„) = U {(L,,,...,L,J}. 

!^iH \-v+k=v 

Let us write iy : Sy{X'^) — > Sr^" and ky : Ty{X^) — > Sr^" for the inclusions. By the 
same argument as in the proof of theorem 13.21 we see that 

(6.14) 5^(X") = {ze grxn ! Iim2/5(s)z G 
and 

(6.15) r^(X") = {z£ 9rx" I lim 2p{s)z G C^} . 

s^oo 

Let us write Pu : Si,{X''^) — > and : Ty{X'"') Cy for the retractions: 

(6.16) py{z) = lim2p(s)z for z G ^^.(X") 

(6.17) qy{z) = lim 2p{s)z for z G Ti.(X") . 

s— >oo 

Furthermore, 

(6.18) c, = s,(x")nr,(x"). 

By Theorem 1 of |Brj we conclude that 

(6.19) isl'B = KtlT, for S GPG;,no(9rx",k). 
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Rephrasing this result in terms of the contractions p,^ and q,y gives: 

(6.20) R{Pu)lslT> = Riqu).tl'B for S G PG^^n.JSrx-.k) • 

Let us now, for simphcity, choose X = A^. Let Ai,A2 € Fgo{9t^,^)- We write 
Si = T°Ai and = t°A2 and form the convolution product Si * ®2 = Rm^'B. By 
statement (|6.2cj) we see: 

The sheaf R^n^Rm^^'B on is constant with fiber 

(6.21) H'=(gr,>li*>l2) = H'=HSr,yii)®H'=^(gr,>l2). 

ki+k2=k 

Let us now consider the sheaves 

(6.22) Sil{Ai,A2) = R^7r^R{p^)islRmS = R^^^R{q^),tlRmjB ■ 

here we have used ()6.2U() to identify the last two sheaves. Let us calculate the stalks of 
this sheaf. First, by definition, 

{Y&^{S^,Ai*A2) \ixi=X2 

(6.23) i:^(yii,yi2)(,„,,) = L 

{®u,+u,=u^''c{Su, X S,,,m\AiMA2)) ifxi/x2. 
Arguing in the same way as in the proof of (|6.3|) we see that 

(6.24) H*(5^, X 5^2>''H0(yii^^2)) = KiSvi.M) ®K{Su2^-^2) ■ 
We conclude that 

(6.25a) £^(yii,yi2)(,,,,,) = ifA;/2p(zv), 

and 



(6.25b) i:2pM(yii,yi2)(,, 



X2) 

fH^''(")(5„yii*yi2) ifrci = X2 

\®,,+,2=v^l''^"'\Su,,Al)®^l'^"^\Su2,A2) if 2:1 ^ X2 



We now proceed as in the proof of theorem 13.61 Let us consider the closures Sy{X^) 
and 7i;(X") of the ind-subschemes 5^(X") and r^(X") and let us write v j^5^(^") ^ 
Srx" and ky : T,^{X^) — > Sr^" for the inclusions. Let us write S = Rm^'B. Then we 
have the following canonical morphisms 

(6.26a) Rtt^B = RttiB RTr^s^*^, 

(6.26b) Rtt^T, ^ RirJ^'B . 

These morphisms give us two filtrations of i?'^7r*i?m*S, one by kernels of the the mor- 
phisms 

(6.27) R'^tt.'B R^ms^*^ 
and the other by images of the morphisms 

(6.28) R'^ttJ^-'B -> R'^tt^B . 
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By the discussion above, these filtrations are complementary and hence yield the fol- 
lowing canonical isomorphism 

(6.29) R^T^^RmS = iil{Ai,A2) . 

2p(u)=k 

By (|6.21j) the sheaf on the left hand side is constant. Therefore the sheaves L'^{Ai , A2) 
must be constant. Appealing to (|6.25|) completes the proof. 

□ 

7. The case of a field of characteristic zero 

In this section we treat the case when the base ring k is a field of characteristic zero. 
This case was treated already in |Gij when k = C. Here we make use of Tannakian 
formalism, using |DMj as a general reference. In section 1111 where we work over an 
arbitrary base ring k, we carry out the constructions explicitly without referring to the 
general Tannakian formalism. 

7.1. Lemma. If k is a field of characteristic zero then the category PG'Q(Sr, k) is 
semisimple. In particular, the sheaves J!(A,k), J!^,(A,k), and J*(A,k) are isomorphic. 

Proof. The parity vanishing of the stalks of J!*(A,k), proved in |Luj . section 11, and 
the fact that the orbits Sr^ are simply connected implies immediately that there are no 
extensions between the simple objects in Pg(Sr,k). Thus, there are no extensions in 
the full subcategory PGQ(Sr,k) (which then, obviously, coincides with Ps(Sr,k)). □ 

7.2. Remark. The use of the above lemma can be avoided. One must then ignore 
this section and first go through the rest of the paper in the case when k is a field of 
characteristic zero. The arguments of section U^ in a greatly simplified form, then give 
theorem |7.^ 

The constructions above and the properties we established suffice for verifying the 
conditions of the proposition 1.20 in |DMj and then also the conditions of the theorem 
2.11 in |DMj . which are summarized by the phrase "(Pc^g (Sr, k), *, is a neutralized 
Tannakian category" . Hence, by theorem 2.11 of |DMj . we conclude: 

there is a group scheme G over k such that 

(7.1) the category of finite dimensional k-representations of G 

is equivalent to PGo(Sr,k), as tensor categories . 

We will now identify the group G. Let us write G for the dual group of G, i.e., G is 
the split reductive group over k whose root datum is dual to that of G. 

7.3. Theorem. The category of finite dimensional 'k-representations of G is equivalent 
to Pg'q(S?^, k), as tensor categories. 

Before giving a proof of this theorem we discuss it briefly from the point of view of 
representation theory. We can view the theorem as giving us a geometric interpretation 
of representation theory of G. First of all, as we use global cohomology as fiber functor, 
it follows that the representation space for the representation VJj-, associated to 9" € 
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Pgq (Sr, k), is the global cohomology H*(Sr, 3")- As the proof of the theorem will show, 
T, the dual torus of T, is a maximal torus in G. The decomposition of into its 
T- weight spaces is then given by theorem 13.61 

(7.2) H*(gr,:j) ^ h2''M(5,,:t). 

uex*(t) 

Given a dominant A € X*(T) = X*(T) we can associate to it both the highest weight 
representation L{X) of G and the sheaf Ji*(A,k) G PG'Q(Sr, k). Obviously, Vj,^(;^ k) is 
irreducible and by the formula above we see that it is of highest weight A. Hence, 
^!,(A,k) = ^{^)- Combining this discussion with lemma Tl~T\ and proposition 13. lUl gives: 

7.4. Corollary. The v-weight space L{\)y of L{\) can he canonically identified with 
the k-vector space spanned by the irreducible components of S^xC) S,^. In particular, the 
dimension of L[X)y is given by the number of irreducible components of ^rx PI . 

The rest of this section is devoted to the proof of theorem 17.31 We begin with an 
observation: 

(7.3) the group scheme G is a split connected reductive algebraic group 

To see that G is algebraic, we observe that it has a tensor generator. Let Ai, . . . , Ar 
be a set of generators for the dominant weights in X*(T). As a generator we can then 
take ©J!*(Aj,k). It is tensor generator because for any dominant A the sheaf J!*(A,k) 
appears as a direct summand in the product 

(7.4) a,,(Ai,k)*'=i *---*Ju(A^,k)*'='-; 

here A = X^^i-^i + '•• + kr^- Thus, by |DMj . proposition 2.20, G is an algebraic 
group. As there is no tensor subcategory of (Sr, k) whose objects are direct sums 
of finitely many fixed irreducible objects the group G is connected by [DM , corollary 
2.22. Finally, as PGQ(Sr,k) is semisimple, G is reductive, by |DMj . proposition 2.23. 
To see that G is split, we exhibit a split maximal torus in G. By proposition 16.41 the 
fiber functor F = H* factors as follows: 

(7.5) F = H* : (Sr, k) ^ Modk(^*(T))) ^ Modk . 

This gives us a homomorphism T ^ G; here T is the torus dual to T. As any character 
A € X*(T) = X^(T) appears as the direct summand F\(J!*(A,k)) in F(J!^,(A,k)) we 
conclude that T is a split torus in G. It is clearly maximal as the representation ring 
of G is of the same rank as T. ^ 

It now remains to identify the root datum of G with the dual of the root datum of 
G. Recall that we have also fixed a choice of positive roots, i.e., a Borel B such that 
T CB CG. The root datum of G is then given as {X* (T), X^{T), A{G,T), A{G,T)), 
where A(G,T) C X*{T) are the roots and A{G,T) C X*(T) are the coroots of G with 
respect to T. Because X*(T) = X^(T) and X^(T) = X*{T), it suffices to show that 



(7.6) A(G,f) = A(G,T) and A(G, T) = A(G, T) 
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To this end we note that theorem \',^.2\ corohary ESI and proposition imply that: 



(7.7) 
and 



The irreducible representations of G are 
parameterized by dominant coweights A G X^,{T). 



The T- weights of the irreducible representation L{X) 

(7.8) associated to A are the same as the T-weights 

of the irreducible representation of G associated to A . 

We now argue using the pattern of the weights. For clarity we spell out this familiar 
structure. From 1)7. 8|) we conclude: 

(7.9a) The weights of L{X) are symmetric under the Weyl group W. 

For a a simple positive root of G, with the corresponding coroot a, the 
(7.9b) weights of L{\) on the line segment between Sa(A) and A are the weights 
on that segment which are of the form X — ka, with k an integer. 

Note that the choice of a Borel subgroup of G is equivalent to a consistent choice 
of a line, the highest weight line, in each irreducible representation of G. The choice 
-^a(3!*(A, k)) in F(J!*(A,lk)) for all dominant A G X^{T) yields a Borel subgroup B oi G 
such that the dominant weights of G in X*{T) coincide with the dominant coweights 
of G in X^[T). This implies that the simple coroot directions of the triple {T,B,G) 
coincide with the simple root directions of {T,B,G). The statements ()7.9() above now 
imply that the simple roots of the triple (T, B, G) coincide with the simple coroots of 
{T,B,G). This, finally gives (TTTH) . 

8. Standard sheaves 

In this section we prove some basic results about standard sheaves which will be 
crucial for us later. Let us write D for the Verdier duality functor. 

8.1. Proposition. We have 

(a) a!(A,Ik) ^ a!(A, ^ 



z 

(b) J*(A,k) ^ J,(A,Z)(|)k 

(c) Da!(A,k) ^J*(A,k). 

Proof. The proofs of (a) and (b) are analogous and hence we will only prove (a). Because 
(8.1) H*(5^,a,(A,Z)|)k) = H*(5^,ai(A, 
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and, by proposition H*(5,y, J!(A, Z)) is a free abelian group in degree 2p{u) we 

L 

conclude that H*(5i^, Ji(A, Z)(8)lk) is nonzero only in degree 2p{u). Hence, by lemma 
n-{.9| we see that Ji(A, Z)(g)lk is perverse. There is a canonical map 

(8.2) ai(A,k) ^ai(A,Z)^k, 

z 

which is an isomorphism when restricted to Sr^- Therefore, applying the functor Fu to 
the morphism l and using the proposition llllOl yields an isomorphism 

(8.3) F^(J!(A,k))= k[/rr(g7^n5^)] ^^Z[/rr(g7^n5^)]®k = F^(J!(A, Z)®k) . 

z z 

By corollary 13.71 the functor F = ®Fi, is faithful and thus we conclude that i is an 
isomorphism. 

The proof of part (c) proceeds in a similar fashion. First we observe that 

(8.4) H^,(gr,D J,(A,k)) ^ D(H*(r,,a,(A,k))) = D(H:(5^„.,,a,(A,k))) . 

Because H*(5^(j.;^, J!(A, k)) is a free k-module concentrated in degree 2p(wo-h'), we con- 
clude that D(H^_^(9r, J!(A,k))) is a concentrated in degree —2p{wQ-u) = 2p{u). Thus, 
we conclude that DJ!(A,k) is perverse. Furthermore, we note that 



H5._^(gr,D a,(A,k)) D(H*(T^,J!(A,I 

(8.5) 

H^_^(gr^,D J,(A,k)) D(H*(^^ngr^J|(A,k))), 

which implies that the left hand arrow is also an isomorphism. We have a canonical 
map 

(8.6) D J!(A,k) ^ a*(A,k) 

To show that this map is an isomorphism it suffice to show that the maps Fi,{i) are 
isomorphisms. Restricting to gr'^ gives us the following commutative diagram: 

H^^(gr,D J|(A,k)) H^_^(gr,J,(A,k)) 

(8.7) 

H5,^(gr'',D a,(A,k)) H^^(gr'',a,(A,k)). 

In this diagram the bottom arrow is an isomorphism because i restricted to gr"^ is an 
isomorphism, the left vertical arrow is an isomorphism by (|8.5)) . and finally, the right 
vertical arrow is an isomorphism by proposition 13. Ifll (or. rather, by the proof thereof). 
This shows that Fy{i) is an isomorphism. 

□ 

8.2. Proposition. The canonical map 3\{\,'L)^ J!^,(A,Z) is an isomorphism. 
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Proof. Let us consider the following commutative diagram: 

J\{X,Z) J*(A,Z) 



J!(A,Q) > J*(A,Q). 

The bottom map is an isomorphism by lemma [23 Let us apply the functor to this 
diagram. The columns become inclusions by proposition 18.11 and the bottom arrow is 
an isomorphism as we just observed. Therefore, F^{a) is an inclusion and then so is a. 
This implies that the canonical surjection J!(A,Z)^ J!*(A,Z) is an isomorphism. □ 



9. Representability of the weight functors 

In section ^we showed that the functors Fu'^= ilc^^'^\s,y, ) = Hy^(Sr, — )[2/9(z^)], 
from PG'Q(9r,Ik) to Modt, for u G X*(T), are exact. Hence, one would expect them to 
be (pro) representable. Here we prove that this is indeed the case: 

9.1. Proposition. Let Z C 9r be a closed subset which is a finite union of Gq- orbits. 
The functor F^ restricted to PGg(Z, k) is represented by a projective object Pz{i^,^) of 
PGo(^,k). 

Proof. We make use of the induction functors. Let us recall their construction. For 
more details see, for example, |MiVlj . Let A be an algebraic group acting on a variety 
Y and let i? be a subgroup of A. The forgetful functor : DAiY,W)^ DsiY^Wj has 
a left adjoint 7g : DB(y, k)^ Z)^(y, k) which can be constructed as follows. Consider 
the diagram 

(9.1) Z ^ X Z ^ xs Z — ^ Z. 

The maps p and q are projections, and a is the action map. The group A y. B acts 
on the leftmost copy of Z via the factor B, on A x Z and A Xb Z hy the formula 
{a,b)-{a' , z) = {a-a'-b~^ ,b-z), and on the leftmost copy of Z via the factor A. The left 
adjoint 7^ is now given by 

(9.2) JbW = a\A where A is defined via q'A ^ ; for A e DB{Y,k) 

Let On = 0/z^~^^ and let us write Go„ for the algebraic group whose C-points 
are G(0„). We use analogous notation for other groups. Now choose n >> so 
that the Gg-action on Z factors through the action of Gq^. We write P^(i^, k) = 

PH0(7g"(kT,nz[-2p(z.)])). We claim: 

(9.3) the functor F^, : Pg'q(Z, k) Modt is represented by P^(z/, k) 
To see this, let A € Pgq(Z, k), and then: 
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(9.4) F,{A) = R'^y{Z,A) = 

ExtO(^_,)(IkT.nz[-2p(z.)],jf4" A) - 

^Ka. {z,t)ilfe}"^nnz[-2p{iy)], A). 

On ^ ^ 

Let us write J = 7^°"lkT,nz[-2p(z^)]. Then 

(9.5) the sheaf 3" hes in pd|° {Z,k) . 

To see this, let us write d for the largest integer such that ^'H'^(9") ^ 0. Then, we see, 
as in 1)9. 4|) . that 

(9.6) O^Rom^ ^zM){^,m''{3-)[-d\) = 

ExtBj = 4f )-'^(z,^h^(:j)) . 

According to theorem K-i. 51 this forces d = and we have proved (|9.5|) . This immediately 
implies (|9.,'-{|1 . 

□ 

9.2. Corollary. T/ie category Vc^iZ^'k) has enough projectives. 

Proof. Let A € Pgq (-^j Ik). Choose finitely generated k-projective covers fi, : Pi,^Fi,{A). 
Then 

(9.7) Rom{P^(g)^Pz{u,k),A) ^ Rom^[P^,Rom{Pz{u,k),A)] ^ Romi,[P^, F^{A)] . 

By construction, the map Pi, € ilom.{P^(S>kPzi'^, k),A) corresponding to the k-projective 
cover ft, : P^^Fi,{A) satisfies F^(p^) = fy. S ince (Bi^Fi, — is exact and faithful, 
(Bu Pu (^k Pz{i'-, k) is a projective cover of A. 

□ 

We can describe the sheaf Pz{i^, k) = ph''(7^|" (kj-^nzi— 2p(z^)])) rather explicitly as 
follows. Let us consider the following diagram: 

Z Go„ X Z — ^ Z 

(9.8) i\ T 

n Z Go„ X (T^ n Z) z 

and use it to calculate 7|g|" (kr^nz[— 2p(i/)]): 

(9.9) 7fe}" (kT.nz[-2p(i^)]) = Ra,j^%kT^r^z[-2p{u)] = 

Ra\rkT.r^z[-2p[u)] = i?5!kGo„x(T,nz)[2dim(Go„) - 2p{u)] . 
Let us consider a point S Z, where we again choose r/ € X*(T) dominant. Then 
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9.3. Lemma. The dimension of the fiber a~^{Ljj) is dimGo^ — p{i' + rj) if t] > v, 

otherwise it is empty. 

Proof. We have 

(9.10) S-i(L^) = {((?, z) G Go„ X (T, n Z) I 5 • z = r?} = 

By theorem 13. 21 we see that a~^(L^) is empty unless rj > v. Furthermore, from theorem 
13.21 we see that \i r]> u then 

(9.11) dim5-i(L^) = 

p(r/ - z^) + dim((Go„)^) = /)(t? - z^) + dim(Go„) - dhu gr'' = 

p{ri -u) + dim(Go„ ) - 2 dim p(r/) = dim(Go„ ) - p{r] + v) . 

□ 

In other words, P^(z^, k) is the zero*^ perverse cohomology of the !-image of a (shift 
of) a constant sheaf under an "essentially semi-small" map. Here "essentially semi- 
small" means that the the dimensions of fibers have the correct increment but the 
generic fiber is not finite. 

10. The structure of projectives that represent weight functors 

In this section we analyze the projective Pz(}^) = ®u Pz{^,^) which represents the 
fiber functor F on (Z, k). As in the previous section, Z is closed subset of Sr which 
is a union of finitely many Go-orbits. 

10.1. Proposition, (a) Let Y d Z he a closed subset consisting of GQ-orbits. Then 

Py(k)= J'H^{Pz{k)\Y), 
and there is a canonical surjection 

Pz{k) ^ Py(k) . 

(h) The projective -Pz(k) ho-s a filtration such that the the associated graded 
Gr{Pz{k)) = e Fp,(A,k)]*®kJ!(A,k). 

Sr^CZ 

In particular, F{Pz{k)) is free overk. 
(c)Pz{iy,k)^ Pz{u,'L)m. 

Proof. We begin with (a). We write i : 1''^ Z for the inclusion. The identity 
Hom(Pz(k),i*-) = Hom(rPz(Ik),-) shows that the complex Pz{k)\Y G fD|°(y,k), 
represents F on the subcategory Pg^ (^j k) , and hence so does ^H^ (P^ (k) 1 1" ) G O^^k). 
Thus, PY(k) = PH^{Pz{k)\Y). For any A G PGo(l^,k) we have the identity Hom(Pz(k),yi) = 
Hom(Py(k),yL). This gives a canonical surjection Pz{k) PK(k). 
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Now we will prove parts (b) and (c) simultaneously. We will argue (b) by induction 
on the number of Go-orbits in Z. Let us assume that Sr^ is an open Go-orbit in Z 
and let Y = Z — Sr'^. Let us consider the following exact sequence: 

(10.1) 0^ K ^ Pzik) ^ Py(Ik) ^ , 

where K is simply the kernel of the canonical map from (a). Let M be a k-module and 
let us take RHom of the exact sequence above to J* (A, M): 

(10.2) O^Hom(Py(k),J,(A,M)) ^ Hom(Pz(k), a*(A, M)) ^ 

Hom(K,a*(A,M)) ^ Exti(Py(k),J*(A,M)). 
By adjunction the first and last terms are zero and so we get, again by adjunction, 

(10.3) Hom(K|g^A,Mg^A[2p(A)]) ^ Hom(K, a*(A, M)) ^ 

Hom(Pz(k),J*(A,M)) = F(J,(A,M)). 

We can view (|10.3|) as a functor from k-modules to k-modules 

(10.4) M^F(J,(A,M)). 

This functor is, by the results in ^represented by the free k-module F(J*(A,k))*. As 
it is also represented by K\^^\, we conclude: 

(10.5) i^lg^A = F(a,(A,k))*0kkg^A[2p(A)]. 
Now we claim: 

(10.6) K = F(a*(A,k))*®kJ!(A,k) = J!(A,F(a,(A,k))*). 
To prove this claim, let us consider the following exact sequence 

(10.7) ^ K' ^ F{J^{\,k)y 0tJi{\,k) ^0. 

The kernel K' and the cokernel G are supported on y. If we take RHom of the exact 
sequence p().l|) to G, we get 

(10.8) ^ Hom(Py(k), G) ^ Hom(P^(k), G) ^ Hom(i^, G) ^ Ext^(Py(k), G) . 

Because G is supported on Y the map a is an isomorphism and the last term vanishes. 
Therefore G must be zero. To prove that K' is zero, we first assume that k = Z. Then, 
bv 18.21 J!(A,Z) = J!^,(A,Z). As J!*(A,Z) has no subobjects supported on Y, K' = 0. 
Using HlO.lf) and (jlO.bf) . and proceeding by induction on the number of Go-orbits, we 
obtain (b) when k = Z. 

L 

We will now prove (c). Because k(8)Ji(A,Z) = Ji(A,k) and because (b) holds for 
k = Z, we see that k 0^ Pz(^) is perverse. By formula (2.6.7) in |KSj . we see that for 
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any A € Pcq l-^, k) we have 

(10.9) Homk(lk(g)zPz(Z),>l) = Hom2;(Pz(Z), RiJom(lk,yi)) = 

Homz(Pz(Z),yi) = H*(gr,yi). 
Thus, k (g)^ PzC^) represents the functor F on PGg(Z, k) and hence we must have 

FinaUy to get statement (b) for an arbitrary ring k, it suffices to use (c), (b) for the 

L 

case k = Z, and the fact that k&\{X,Z) = Ji(A,k). 

z 

□ 

Let us write P^~^'"°'' (Z, k) for the subcategory of Pgo(^, k) consisting of sheaves 
A € PcoiZjk) such that H*(Sr,yi) is k-projective. Note that, by lemma EiHl tbe 
category P^"^'^"-' (Z, k) is closed under Verdier duality. Because Pz(k) G F^J^"-' {Z,k), 
its dual /z(k) = D(Pz(k)) also belongs in P^~^''°-'(Z, k). The sheaf /z(k) is an injective 
object in the subcategory P^^''^'^°"'(Z, k). Note that the abelianization of the exact 
category P^~^™-'(Sr, k) is precisely PGQ(Sr,k). 

11. Construction of the group scheme 

In this section we construct a group scheme such that Pg^ (Sr,k) is the category 
of its representations. We proceed by Tannakian formalism, see, for example, |DMj . 
Unlike |DMj we work over an arbitrary commutative ring k. This is made possible by 
the fact that ^(^^(k)) is free over k. lTini 

11.1. Proposition. There is a group scheme Gk over k such that the tensor category 
of representations, finitely generated overk, is equivalent to Pgo(S?^, k). Furthermore, 
the coordinate ring k[Gk] is free over k and Gk = Spec(k) Xgppj,^^-) Gz ■ 

Proof. We view (Sr, k) as a direct limit lim (Z, k); here Z runs through finite 

^ z 

dimensional Go-invariant closed subsets of the affine Grassmannian Sr. Let us write 
^z(k) for the k-algebra End(Pz(k)) = F(Pz(k)). The algebra ^z(k) is free of finite 
rank over k. Let us write Mod^^(k) for the category of ^2(k)-modules which are finitely 
generated over k. Because Pz(k) is a projective generator of PgqC-Z, k), we see that 
the restriction of the functor F to Pgq k)— >Mod]k lifts to an equivalence of abelian 
categories: 

(11.1) the categories Pgq(Z, k) and Mod^^(ii5) are equivalent as abelian categories. 

As ^z(k) is free of finite rank over k, its k-dual ^^(k) is naturally a co-algebra. 
Furthermore, let us consider a k-module V . Because 

(11.2) Homk(Az(k)®k^,y) = Homk(y,5z(k)®kV^), 

we see that it is equivalent to give to F a structure of an ^2(k)-module or to give it 
a structure of a i?2(k)-comodule. Let us write ComodB2(k) for the category of ^^(k)- 
comodules which are finitely generated over k. 
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From the previous discussion we conclude: 

the categories PGo{Z,k) and ComodB2(k) 
^^^'^^ are equivalent as abelian categories. 

Let us write IzQ^) for the Verdier dual of PzQ^)- Now, 

(11.4) Bz{k) = Az{k)* = H*(gr,Pz(k))* = H*(gr,/z(k)) = F{Izik)) . 

If Z C Z' are both closed and Go-invariant then the canonical morphism Pz'{k) 
P^(Ik) gives rise to a morphism Iz(k) Iz'O^) a-nd this, in turn, gives a map of 
CO- algebras Bz{k) — > Bz'{k). Hence we can form the coalgebra 

(11.5) B{k) = hmBz{k), 
and we get: 

(11.6) the categories PGoi9'<^,k) and Comod^^j^) are equivalent as abelian categories. 

It now remains to give the coalgebra B(k) the structure of an algebra and to give an 
inverse in its coalgebra structure. We will start by giving B{k) an algebra structure. To 
this end, let us consider the filtration of PGo(Sr, k) by the subcategories PGQ(A,lk) = 
(S^a, k) indexed dominant coweights A. In the discussion that is to follow we use the 
following convention. When we substitute Sr;^ for the subvariety Z we use the following 
shorthand notation A;^(k) = A^{k), Px{k) = P^{k) etc. This filtration is compatible 

with the convolution product in the sense that Pgo(A, k) * P^^ (/x,k)CP(5g (A + /x,k). 
We have: 

(11.7) Hom[P;,+^(k), Px{k) * P^(k)] ^ F[Px{k) * P^(k)] ^ 

F[Px{k)]®F[P^{k)] = Ax{k) ®k Ai,{k) . 

k 

The element 1(8)1 £ ^^(1^) ®k^//(k) gives rise to a morphism Px^^{k) Px{k)*P^{k). 
Dualizing this gives a morphism Ix{^) * I^Q^) Ix+ixO^) and by applying the functor 
F a morphism 

(11.8) Bxik) ®k 5^(k) ^ Bx+^,{k) . 

Passing to the limit gives B{k) a structure of a commutative k-algebra; the associativity 
and the commutativity of the multiplication come from the associativity and commu- 
tativity of the tensor product. To summarize, we have constructed an affine monoid 
Gk = Spec(S(k)) such that 

(11.9) ^^PCk is equivalent to PGo(Sr, Ik) as tensor categories ; 

here Repg^ denotes the category of representations of Gk which are finitely generated 
as k-modules. 

We will show next that Gk is a group scheme, i.e., that it has inverses. To do 
so, we first observe that while the ind-scheme is Gx is not of ind-finite type it is a 
torsor for the the pro-algebraic group Gq, over two ind-finite type schemes Gx/Gq = 
Sr and Gq\Gx- This gives notions of two kinds of equivariant perverse sheaves on 
Sr that come with equivalences Pgq xi(G3<;, k) = P(Go\G3c,k) and PixGoi^x,^) — 
P(Sr, k). In particular one obtains two notions of full subcategories PGoxGoi^x,^) of 
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Pgo xi(G'3(;, and FixGo{Gx,k), but these are easily seen to coincide. Let us recall 
that we write P(^~^™-'(Sr, k) for the subcategory of FcoiS^^^) consisting of sheaves 
A E PG'Q(Sr, k) such that H*(Sr,yi) is k-projective. The inversion map i : Gx Gx, 
i{g) = exchanges Pgq xilCjc, k) and PixGolCxjk) and defines an autoequivalence 
of Pgo xGo (G'X) k) which we can view as i* : PGo(Sr,k) PcoCSr, k). Now we can 
define an anti-involution on P(^~^^''-'(9r, k) by 

(11.10) A^A*=B{i*A). 

This involution makes Rep-"*^'^""', the category of representations of G^ on finitely 
generated projective k-modules, a rigid tensor category. By [S^ II. 3. 1.1, 1.5.2.2, and 
1.5.2.3, we conclude that Gt = Spec(i?(k)) is a group scheme. 

The statement Gt = Spec(k) Xgpgj,(2) Gz, i.e., that B{k) = k (g)^ B{7j), now follows 
from Proposition 110. l1 part (c). The algebra B(k) is free over k by construction. 

12. The identification of Gt with the dual group of G 

In this section we identify the group scheme G^. As Gt = Spec(k) Xgpgj,^^) Gz, 
by 111.11 it suffices to do so when k = Z. Recall that there exists a unique split 
reductive group scheme, the Chevalley group scheme, over Z associated to any root 
datum f |SGA 3j . |Demj ^. Let Gz,Tz be such schemes associated to the root data dual 
to that of G, T and denote G^ = Gz(8)zk, = r^^gk for any k. We claim: 

12.1. Theorem. The group scheme Gz is the split reductive group scheme overZ whose 
root datum is dual to that of G. 

The rest of this section is devoted to the proof of this theorem. We first recall that 
we have shown in section [3 that the above statement holds at the generic point, i.e., 
that Gq is split reductive reductive group whose root datum is dual to that of G. By 
the uniqueness of the Chevalley group scheme, |Demj . and the fact that Gq is a split 
reductive reductive group whose root datum is dual to that of G it suffices to show: 

(12.1a) The group scheme Gz is smooth over Spec(Z) 

(12.1b) At each geometric point Spec(«;), k = Fp, the group scheme G^ is reductive . 

(12.1c) The dual (split) torus Tz is a maximal torus of Gz ■ 

The properties (|12.1a|) and (|12.1b|) together with the fact that Gz is affine amount 
to the definition of a reductive group. The last statement (|12.1cj) says that Gz is split. 
Note that it is not necessary to check in (|12.1b|) that has root datum dual to that 
of G] that is automatic because it holds for Gq. However, to prove the fact that Gz is 
smooth over Spec(Z) and to deal with the fact that we do not yet know that Gz is of 
finite type we end up having to calculate the root data of the G^. 
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In what follows, we will make crucial use of results in |PYj . We will first recall their 
theorem 1.5: 

An affine flat group scheme over the integers with all its fibers 

(12.2) to 1- to 

connected reductive algebraic groups is a reductive group . 

As 7L\Gj\ is free over Z, by DroDosition lll.il we see that Gi is flat. By section [7| all of 
the groups Gq^ are split with their root datum dual to that of G. Thus, to prove that 
is reductive, it suffices to show: 

(12.3) The groups are reductive . 

In order to prove this, we will make use of the maximal torus, so we will now make a 
start at proving (|12.1c|) . We begin by exhibiting Tg as a sub torus of G%. We proceed 
as in section 13 The functor 

(12.4) F = H* : (Sr, Z) ^ Modz(X,(r))) 

gives us a homomorphism G%. This makes a sub torus of G% because for any 

cocharacter v G X=k(T), the z^-weight space F,y(J!(A,Z)) = fr*(5j^, !J!(A, Z)) is non-zero. 

Let us now write k, = Fp, for p a prime, and {Gt^red for the reduced subscheme of 
G^. We note that, just as in[7|we see that the group scheme is connected because 
Gk has no finite quotients - there is no non-trivial tensor subcategory of (Sr, Fp) 
supported on finitely many Gg-orbits. To complete the proof of Theorem 1 1 2 . 1 1 we thus 
must argue, in addition to (|12.3() . that: 

(12.5) The torus is maximal in G^ . 

We will argue these two points simultaneously. A crucial ingredient will be theorem 1.2 
of jPY. ■ which we now state in a form useful to us. The formulation below has much 
stronger hypotheses than in |PYj . We inserted these stronger hypotheses as they are 
hold in case at hand to simplify the formulation. By theorem 1.2 of |PYj . the group 
Gzp is reductive if the following conditions hold: 

(12.6a) Gzp is affine and flat 

(12.6b) Gqp is connected and reductive 

(12.6c) {GK)red is a connected reductive group of the same type as Gqj, . 

As has been observed before, the first two hypotheses above are satisfied. Thus, it 
remains to prove 1)12. 6c() . To summarize, we are reduced to showing:: 

(12.7a) the torus is maximal in {GK)red and 

(12.7b) the group scheme {G ti)red is reductive with root datum dual to that of G . 
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The two statements above are statements about the fiber at k = ¥p. In the rest of 
this section we will be working at this fiber, but before doing so, we make one more 
argument using the entire flat family. The flatness of Gzp implies that 

(12.8) dimG = dirnGq^ > dim{GK)red ■ 

To see this, let us choose algebraically independent elements in the coordinate ring of 
f(,(i and lift them to the coordinate ring of Gzp- By flatness, 'Zp[Gzp] C Qp[GQp] 
and hence these lifts remain algebraically independent in the coordinate ring of Gq^. 
This gives (pTsll . Note that we do not a priori have an equality in (|12.8|) . as we do not 
yet know that Gzj, is of finite type. 

Now we are ready to work at k. We proceed at the beginning in the same way as we 
did in sectional First, we have: 

The irreducible representations of G^ are 

(12.9) 

parameterized by dominant weights A € X*(Tf^) = X^(T) . 

We see this, just as in sectional by noting that the irreducible objects in Pgq{5^,¥p) 
are given by the 3\^:{X,¥p), for A G ^*(T) dominant. Let us write, as in sectional 
L(A) for the irreducible representation of G^ associated to A. First of all, because of 
proposition I3.1UI we see that the weights of the representation l^(A,Ik) corresponding 
to J!(A,lk) are independent of k. Hence, those weights are precisely the weights of the 
irreducible representation of Gq of highest weight A. On the other hand, we can write 
J\^{X,¥p) in the Grothendieck group as a sum involving J!(A, Fj,) and terms d\{fi,¥p), 
for n < X. Hence, we conclude: 

The T^-weights of the irreducible representation L{X) are contained 
(12.10a) in the T- weights of the irreducible representation of Gq 

associated to A, and A is the highest weight in L(A) . 

(12.10b) The weights of L{X) are symmetric under the Weyl group W. 

For a a simple positive root of G, with the corresponding coroot 
(12.10c) ct, the weights of L{X) on the line segment between 

Sa{X) and A are all of the form A — ka, with k an integer. 

Note that, contrary to the case of characteristic zero, not all the weights between A and 
X — ka occur as weights of L(A). 

Next, we approximate by finite type quotients G*. For any group scheme H let 
us write Ivrn for the set of irreducible representations of H. We choose a quotient 
group scheme G* of G^ with the following properties: 



(12.11a) 



G* is of finite type 
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(12.11b) the canonical map Irr^^ Irr^^ is a bijection 

(12.11c) {GDred = {G.)red 



It is possible to satisfy the first and third conditions because any group scheme is a 
projective limit of group schemes of finite type and by (|12.8|) the group scheme (GK)red 
is of finite type. To ensure that 1)12. llb|) is satisfied, it is enough to choose G* suffi- 
ciently large so that the irreducible representations L{X) associated to a finite set of 
generators A of the semigroup of dominant cocharacters, are pull-backs of representa- 
tions of G*. For any dominant coweights X, fi, the sheaf ^^{X + /i,IFp) is a subquotient 
of the convolution product ^^{X^Fp) * J!*(/x,Fp) since the support of the convolution is 
SrA+^. This shows that all irreducible representations L{X) of come from G*. 

Let us write R for the reductive quotient of {GK)red = {G*^)red and note that, of 
course, lies naturally in R. As any irreducible representation of {G%)red is trivial on 
the unipotent radical we have: 

(12.12) The canonical map Irr/j Irr,^, s is a bijection . 

\^ Hired 

We now argue that in order to prove ()12.7|) it suffices to show that: 
(12.13a) the torus T)^ is maximal in R 

(12.13b) the root datum of R with respect to is dual to that of G . 

Let us, then, assume (|12.13j) . We conclude immediately that dim(i?) = dim(G), and, 
together with (|12.8j) . this gives 

(12.14) dimG = dimGQ > di^{Gl)red > dimi? = dimG. 

Thus, we must have {G*^)red = R and hence {G*^)red is reductive with its root datum 
dual to that of G. Since this holds for each of approximation G* of G^ we see that 
{Gyi)red coincides with R, has as its maximal torus, and its root datum dual to that 
of G. This gives 1TT71) . 

The proof of 1)12. 13(1 will be based on relating representations of G^ and R (i.e., of 
G* and (G*)red), by considering the v}^ powers of the Frobenius maps between the 
K-scheme G* and its n*^ Frobenius twist (G*)^"\ as depicted in the diagram below: 

Gl ^ (G:)W 

(12.15) T 

{G K)red ^ ^Gfi)^ed' 

Since G*^ is of finite type we see, by |D(t| corollary III. 3. 6. 4], that it is isomorphic to 
(G* / (G* )red) X {G*f^)red as a Scheme with the right multiplication action by {GX)red-, and 
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that the coordinate ring of G*^/ {G*^)red is of the form X^") for 

some powers pi = jf"- of p. Hence, for n > ej, 

(12.16) the Frobenius map Fr" : G*^ factors through (G;)^"^ . 

This imphes: 

the n*'^ Frobenius twists of irreducible representations 

(12.17) 

of {G*^)red extend to G* . 
From the previous discussion we conclude, first of all, that 

(12.18) We have an injection Irr^{„) ^ Irrg . 

This means that the torus must be maximal in R, as the statement above bounds 
the size of the lattice of irreducible representations of R. Furthermore, we also conclude 
that 

(12.19) L^^ip^'X) = L^(p"A) for all A G X*(r) dominant. 
We will now argue the second part of (|12.13j) . i.e., that : 

(12.20) A{R,t^) = A{G,T) and A{R,f^) = A{G,T). 

The argument here is a bit more involved than the argument in characteristic zero 
in section [3 but the basic idea is the same: the pattern of the weights of irreducible 
representations determines the root datum. 

The statement (|12.10() expresses the patterns of weights of the representations L^'^{\). 
The pattern of weights of the L^{\) has a similar description, as ii is a reductive group. 
Comparing these patterns for p"A, we conclude that that the walls of the Weyl cham- 
bers of the root systems of (G, T) and (i?, T^) coincide in ^^.(r), and furthermore, that 
the simple root directions of R coincide with the simple coroot directions of G. Recall 
that in characteristic zero we obtained an equality of simple roots of R and the simple 
coroots of G, but we cannot immediately conclude this fact here, as we only have a 
containment in 1)12. lUcf) . Hence, we must argue further. 

As the next step, we prove two inclusions of lattices: 

(12.21) Z-A{R,f^) C Z-A{G,T) and Z-A(G,T) C Z-A{R,f^). 

We do so by analyzing the centers. First of all, note that the center of the reductive 
group R can be identified with the group scheme 

(12.22) Rom{X*{f^)/Z-A{R, T,), G„,,) . 

On the other hand, the tensor category (Sr, ^p) is naturally equipped with a grading 
by the abelian group '/ro(Si') — 7ri(G) = X*(T)/Z-A(G, T), the group of connected 
components of Sr- Note that this grading is compatible with the tensor structure. This 
grading exhibits the group scheme 



(12.23) 



Rom{X,{T)/Z-A{G,T),Gm,n) 
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as a group subscheme of the center of G^- Since this group subscheme hes in T)j it also 
hes in the center of R. This inclusion of centers corresponds to a natural surjection 

(12.24) X*{f,)/Z-A{R,f,) ^ X,(r)/Z-A(G,r). 

This gives the first inclusion in (|12.21|) . Since the lattices have bases of simple (co) roots 
which have the same directions the second inclusion follows from {a, a) = 2. Let us 
note that by the same reasoning the proof of ()12.20|) can now be reduced to proving 
either of the equalities in (|12.21|) . We will do so by building up from special cases. 

First, let us observe that we are done when G is of adjoint type. In that case 
Z-A(G,r) = X*(T) and so we must have Z-A{G,T) = Z-A(i?,t«,). At this point we 
no longer have need to argue in terms of R. In what follows we will prove directly that 
Gk is reductive with its root datum dual to that of G. 

Next, assume that G is semi-simple and write 

(12.25) G Gad , where Gad is the adjoint quotient of G . 

We have already shown that (Gad)^ — (Gad)^- Just as above, we note that we can 
provide the category Pc,^^ ^ (Sr^^^, Fp) with a grading, as a tensor category, by the 
finite group 7ri(Gad)/7ri(G). With this grading the tensor subcategory Fgq (S^Gi ^p) of 
-f*Gad o(Si'Gad'^p) corresponds to the identity coset 7ri(G). Thus, we obtain a surjective 
homomorphism 

(12.26) (Gad). = (Gad). G, 

with a finite central kernel, given precisely by Hom(7ri(Gad)/7ri(G), Gm,.)- This implies 
that Gft is reductive. Let us write Tad for the maximal torus in Gad- Then from 
1)12. 25() we see that the roots and the coroots of the pairs (G, T) and (Gad, Tad) coincide 
under the surjection T — > Tad ^-nd similarly, from ()12.26() . we conclude that the roots 
and coroots of the pairs (Gk,Tk) and ((Gad)., (Tad).) coincide under the surjection 
(Tad). Tf^- Thus, as we know the result for the adjoint group, we conclude that the 
root datum of {Gi^^T^) is dual to that of {G,T). 

Finally, consider the case of a general reductive G. Let us write S = Z{G)^ for the 
connected component of the center of G. Then we have an exact sequence 

(12.27) 1 ^ 5 ^ G ^ Gder ^ 1 , 

where the derived group Gdcr of G is semisimple. This gives maps: 
(12-28) — - — > Src — ^ SrGd„ , 

which exhibit Sr^ as a trivial cover of S^Gdcr '^ith fiber Si's- By taking pushfowards of 
sheaves this gives us the following sequence of functors: 

(12.29) PsaiSvsJp) PGo(SrG,Fp) Pg,,,„ (SrG.^^Fp) , 

where oj is clearly an embedding and 7 is essentially surjective because of the triviality 
of the cover. This, in turn, gives the following exact sequence of group schemes: 

(12.30) 1 ^ (Gder). ^ G« ^ 5, ^ 1 

The fact that we have exactness at both ends follows from the fact uj is an embedding 
and 7 is essentially surjective. To see the exactness in the middle, let us consider the 
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quotient ^^/(Gder)^- The representations of this groups scheme are given by objects 
in PcolSfGi 1"^) whose push-forward under vr to S^Gdcr consists of direct sums of trivial 
representations. But these constitute precisely PsoiS^Si i'^)- Thus, is reductive. 
Arguing just as in the previous step, using the fact that the roots and coroots of G and 
er on one hand and those of G^ and (Gder)K on the other, coincide, we conclude that 
the root datum of G^ is dual to that of G. 

13. Representations of reductive groups 

The point of view we have taken in this paper so far is that of giving a canonical, 
geometric construction of the dual group. In this section we turn things around and 
view our work as giving a geometric interpretation of representation theory of split 
reductive groups. 

As before, k is commutative ring, noetherian and of finite global dimension. Recall 
the content of our main theorem 112.11 

(13.1) -^^PCk is equivalent to PGQ(9r,Ik) as tensor categories; 

here Rep^j^ stand for the category of k-representations of Gk, finitely generated over 
k, and Gk stands for the canonical split group scheme associated to the root datum 
dual to that of the complex group G. This way we get a geometric interpretation of 
representation theory of Gk- The case when Char(k) = was discussed in section [7| 

Following our previous discussion we have Tt C .Bk C Gt, a maximal torus and a 
Borel in Gk- Associated to a weight A € X^:{T) there are two standard representations 
of highest weight A. Let us describe these representations. We extend A to a character 
on Bk so that it is trivial on the unipotent radical of Bk and then induce this character 
to a representation of Gt- We call the resulting representation the Schur module and 
denote it by ^(A). As a module it is free over k. The other representation associated 
to A is the Weyl module W{X) = S{—'WoX)*, where wq is the longest element in the 
Weyl group. There is a canonical morphism W{X) — > S{X) which is the identity on the 
A-weight space. We have: 

13.1. Proposition. Under the equivalence 1)13.1(1 the diagrams W{X) S{X) and 
dliX) 3* (A) correspond to each other. 

Proof. The modules ^(A) and VF(A) can also be characterized in the following manner. 
Let us write Rep^^ for the full subcategory of Rep^i^ consisting of representations whose 

Tfe-weights are all < A. Then the representations <S'(A) and 1^(A) satisfy the following 
universal properties: 

we have Houiq^CV, S{X)) = ilomk{V\,k) 

we have Rom.Q^(W{X), V) = Homk(k, Va) 

On the geometric side the category Rep^'^ corresponds to the category (-^i ^) = 

PCoCSfAjk). Obviously, the sheaves J*(A) and J!(A) belong PG'o(A,k) and satisfy the 
universal properties (|13.2|1 . proving the proposition. □ 



(13.2a) 

and 

(13.2b) 
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As a corollary, proposition IIHOl gives: 

13.2. Corollary. The u -weight spaces S{X)u andW{X)v of S{\) andW{X), respectively, 
can both he canonically identified with the k-wector space spanned by the irreducible 
components of ^rxH S^- In particular, the dimensions of these weight spaces are given 
by the number of irreducible components of Qrx (1 . 

Finally, let us assume that k is a field. Then we also have an irreducible representa- 
tion L{X) associated to A. Under the correspondence 1)13. If) the irreducible representa- 
tion L{X) corresponds to the irreducible sheaf J!^,(A,k). 

An important motivation for our work was its potential application to representation 
theory of algebraic groups. To this end, we would like to propose the following: 

13.3. Conjecture. The stalks o/J!(A,Z) are free. 

14. Variants and the geometric Langlands program 

As was stated before, in this paper we have worked with C-schemes because in this 
case we have a good sheaf theory for sheaves with coefficients in any commutative ring, 
in particular, the integers. It is also possible to work with other topologies. This is 
important for certain applications, for example for the geometric Langlands program, 
since our results can be viewed as providing the unramified local geometric Langlands 
correspondence. 

We will explain briefly the modifications necessary to work in the etale topology and 
over an arbitrary algebraically closed base field K. To this end, let us view the group 
G as a split reductive group over the integers. All the geometric constructions made in 
this paper go through over the integers, in particular, our Grassmannian Sr is defined 
over Z. We write for the affine Grassmannian over the base field K. In a few 
places in the paper we have argued using Z as coefficients, for instance, in section IT^ 
When we work in the etale topology, we simply replace Z by Z^, where i ^ Char{K). 

For completeness, we state here a version of our theorem for Srx^ 

14.1. Theorem. There is an equivalence of tensor categories 

PG(0)(Srx,k)^i?ep(Gk). 

where we can take k to be any ring for which the left hand side is defined and which 
can he obtained by base change from Z^, for example, k could he Q^, Z^, TLjP^TL, F^. 

14.2. Remark. The previous theorem allows one to extend the notion of Hecke eigen- 
sheaves in the geometric Langlands program from the case of characteristic zero coeffi- 
cients to coefficients in an arbitrary field. This is used in jU] which gives a proof of de 
Jong's conjecture. 

Appendix A. Categories of perverse sheaves 

In this appendix we prove propositions 12. l| and 12.21 i.e., we will show that 

A.l. Proposition. The categories PGQXiAut(0)(S?^,k), PG'o(9?',k), and P§(Sr,k) are 
naturally equivalent. 
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We first note that Fq^ xiAut{0) (Sr, is a full subcategory of (Sr, and (Sr, k) 
is a full subcategory of Ps(Sr, k); this follows from the fact that stabilizers of points are 
connected for the actions of Go x Aut(O) and Gq on Sr. The reductive quotients of 
Go X Aut(O), Go, and Aut(O) are G x Gm, G, and Gm, respectively. Hence, it suffices 
to show that for any Go-invariant finite dimensional subvariety we have: 

(A.l) the categories Ps^G'(Z,k) and Ps(K^(Z,k) are equivalent to Ps(Z,k); 

here Ps^g'(Z, k) and Ps^Gm(-^!k) denote subcategories of Ps(Z, k) consisting of sheaves 
which are G and Gm- equivariant, respectively. 

We will proceed by induction in the following manner. Obviously, the statement 
above holds if Z is a Go-orbit. Hence, by induction, it suffices to prove HA.1|) for a 
Go-invariant subset Z under the following hypotheses: 

for some dominant A, the orbit is closed in Z 

(A.2) 

and HA.1|) holds for the open set [/ = Z — Sr . 

To prove the above statement, we use the gluing construction of |MVj . [V] for perverse 
sheaves. Let us recall the construction. We write A and S be two abelian categories 
and Fi,Gi : — > 23 two functors, -Fi right exact, F2 left exact, and T : Fi — > F2 
a natural transformation. We define a category C(Fi,F2;T) as follows. The objects 
of e{Fi,F2;T) consist of pairs of objects iA,B) € Ob(yi) x ObCB) together with a 
factorization Fi{A) ^ S A F2{A) of T{A), i.e., n o m = T{A). The morphisms of 
6(^1,^2; T) are given by pairs of morphisms (/, 5) € Moi{A) x Mor(S) which make 
the appropriate prism commute. The category Q{Fi, F2;T) is abelian. 

We use this formalism in various situations. To begin with, let us write j : U ^ Z 
for the inclusion and set: 

A = Fs{U,k) 
S = Modk 

(A.3) Fi=FxoPj, 

F2 = FxoPj, 
T = Fx(Pj,^Pj,). 

We have a functor 
(A.4) ^:Ps(Z,k)^e(Fi,F2;T) 



n 



which sends 3" G Ps(Z,k) to ^ = 3"|C/, B = Fx{3') and the factorization Fi{A) ^ B 
F2{A) is the one gotten by applying Fx to 'Pj\{3^\U) ^ 3" ^ 'Pj^{3^\U). By Proposition 
1.2 in the functor E is an embedding. Two remarks are in order. First, in ^ we 
work over a field, but this is not used in the proof. Secondly, the functor E is actually 
an equivalence of categories. 

Let us now bring in the group G. We write § for the stratification of G x Z by 
subvarieties G x Sr^. We write a : G x Z — > Z for the action map and p : Gx Z ^ Z for 
the projection. Let ?" G Ps(Z, k). We have an isomorphism 4> p*3^\G xU = a*3'\G x U 
such that (;/'|{e} x U = id. We are now to extend the (j) to G x Z. To this end we first 
construct a functor Fx : P§(G x Z, k) ^ "B, where 23 stands for the category of k-local 
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systems on G. Let us write S\ = G x Sx, denote hj i : Sx ^ G x Z the inclusion, 
and write tt : G x Z ^ G for the projection. Then Fx = Rttii* . Furthermore, we write 
j: GxU^GxG for the inclusion and set: 

A 

(A.5) Fi 

f 

As before, we have a functor 
(A.6) ^ : Pg(G X Z,Ik) ^ e(Fi,F2;f) 

which sends J G Ps(G x Z,k) to A = 9'\G x U, B = Fx(9') and the factorization 

Fi{A) ^ B ^ Fa (I) is the one gotten by applying Fa to P~j^.{^G x U) ^ 3^ ^ 

X U). By the same reasoning as above, the functor E is an equivalence of 
categories. 

We wiU now apply E to p*J and to a*'J. For E{p*'J) we get the data of F(J) 
at {e} X Z extended across G as the constant local system. For E(a*S') we also get 
the extension data of F(3") at {e} x Z. Because, by theorem 13.61 the functors Fj^ are 
independent of the data T C B used in defining them, we see that the extension data 
for a* J" restricted to {g} x Z, for any € G, is canonically identified with the extension 
data of a*3' at {e} x Z. This gives us an identification of F(a*3") with E(p*3') and 
hence an isomorphism between a*3" and p*3". This shows the first part of lA.ll 

The case of the group Gm is even a bit simpler. Here we use the fact that Gm-action 
preserves the variety 5a and hence all the Gm-translates of the functor Fa are identical 
to Fa. 
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